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A B S T R A C T

Origami structures have been widely used in engineering applications as deployable structures and meta
materials Conventional designs tend to involve either experience-based forward design or iteration-based inverse 
design, making the synthesis of structures under more complex design objectives and constraints difficult to 
achieve This paper proposes a direct inverse design method for origami structures By adopting the dynamic 
relaxation method and maintaining isometry constraints for origami structures via bar length coupling, 
optimiser-free form-finding is achieved, enabling the synthesis of origami patterns without iterative computation 
Complex surface fitting objectives are imposed as external surface-normal forces during dynamic relaxation, 
while a contact force modelling scheme covering all possible panel collision scenarios is developed to enforce 
panel interference constraints By representing objectives and constraints as forces and solving the dynamic 
relaxation problem using an implicit Euler scheme, highly nonlinear behaviours can be captured with minimum 
computational cost, achieving the simultaneous dimensional and configurational synthesis of origami structures 
Using this method, example structures with multiple target configurations are synthesised This work provides a 
new tool for the direct inverse design of origami structures.

1. Introduction

Origami structures have seen extensive use in a wide range of fields, 
including aerospace [1–4], architecture [5,6], healthcare [7,8], robotics 
[9–11], and more, making their analysis and design an important topic 
The diverse spectrum of origami structures, including rigid-foldable 
[12–14], non-rigid [15–17], and curved-crease patterns [18–20], has 
been treated as mechanisms, deformable structures, or a combination of 
both, leading to a range of analysis and design methods With the 
continued development of computational tools, problems that were 
impossible for pen-and-paper work have now become approachable, 
leading to new discoveries and designs However, inverse design still 
requires a thorough analysis of individual design problems and heavy 
iterative computation using numerical optimisation, leaving an efficient 
and widely-applicable direct inverse design method still elusive.

Current computational design of origami structures involves rule- 
based approaches and, more often, optimization approaches Rule- 
based approaches [21–23] essentially abstract known rules in origami 
design to algorithmically generate desired patterns in a systematic and 
automated way The Origamizer software [24] makes extensive use of 
rules to generate complex shapes, while more engineering-oriented 

examples include thickness accommodation in flasher origami patterns 
[1,4,25] On the other hand, optimizers based on gradient descent or 
Newton solvers allow free-form shapes to be designed under develop
ability and flat-foldability constraints [26–28], while extensive work has 
been completed for the surface fitting of Miura-ori patterns [29–32] 
Meanwhile, global optimization approaches including Bayesian opti
mization [33,34], genetic algorithms [35–37], and particle swarm 
optimization [38,39] have also been used for various designs As illus
trated in Fig. 1a, however, optimization-based approaches necessitate 
an external optimization process, whose iterative nature greatly hinders 
computation efficiency.

One new approach for the direct inverse design of origami structures 
is dynamic relaxation With roots stemming from the 1960s [40–42], the 
dynamic relaxation method essentially reformulates an optimization 
problem, specifically a form-finding problem, into a structural dynamics 
problem Fictitious mass and damping are introduced to create a pseu
do-dynamic system Explicit time integration is then formulated, with 
kinetic damping dissipating energy at velocity peaks, enabling the 
structure to trace a fictitious trajectory towards a minimum-energy 
equilibrium under prescribed loads and boundary conditions, thereby 
generating the desired structural form This method is useful for the 
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design of shell and membrane structures [43,44], tensegrity structures 
[45], combined tensegrity and membrane structures [46], and mesh 
reflectors [47], and offers high computational efficiency [48] While the 
aforementioned cases only consider a single state, origami design needs 
to consider multiple coupled states, at the very least an unfolded state 
and a folded state Specifically, the isometry of panels must be respected 
between states, while fold angles must be allowed to differ To this end, 
work on the strain energy minimization of origami shell reflectors [49] 
has demonstrated that multiple states can be simultaneously considered 
by imposing equality constraints [50] For more efficient design of gen
eral origami structures, this paper translates complex design objectives 
and constraints into equivalent forces and applies a coupled bar length 
scheme This circumvents computationally expensive equality con
straints and harnesses the ability of a dynamics model to capture a 
highly non-linear form-finding process, not only adjusting the shape of 
individual panels, but also the overall folding configuration of the entire 
origami pattern, simultaneously realising both dimensional synthesis 
and configuration synthesis As Fig. 1b shows, this is a single forward 
process that is far more computationally efficient.

When developing a design method for origami structures, a signifi
cant challenge is analysing and accommodating both rigid-foldable and 
non-rigid origami patterns Most current methods are specialised for a 
single type of origami Rigid-foldable origami patterns can be analysed 
using mechanism theory approaches, including the Denavit-Hartenberg 
(DH) notation [51–53] and screw systems [54,55] More dedicated 
schemes focusing on crease rotation have been developed around rota
tion matrices [56] and quaternions [57], while other methods include 
directly describing rigid body motion constrained by vertex coincidence 
[33,34] or using singular value decomposition to extract instantaneous 
degree-of-freedom (DOF) and movement direction [58] On the other 
hand, non-rigid patterns [59,60] including curved-crease patterns [18,
61] require panel deformation in addition to crease rotation, and thus 
cannot be analysed as mechanisms Applicable analysis methods include 
dedicated models based on geometric considerations [62], and more 
commonly, finite element methods [63,64], which consider origami as 
shell structures with specified panel and crease stiffness behaviours.

Over the past decade, bar-hinge models have become a dominant 
method for the unified analysis of rigid-foldable and non-rigid origami 
structures [65,66] By triangulating panels and considering creases as 
both axial and torsional springs, both rigid-foldable and non-rigid 
origami can be described With sufficient rod stiffness, rigid-foldable 
patterns can be simulated accurately, while sufficient division of 
panels allows deformation in non-rigid and curved-crease patterns to be 
resolved Popular implementations include the MERLIN model [67,68], 
which solves a quasi-static problem with an arc-length scheme, and the 
Origami Simulator [69], which solves a dynamics problem using the 

explicit Euler method The bar-hinge model has been implemented for 
non-trivial problems including multi-DOF rigid-foldable origami [70], 
curved-crease patterns [71], multi-layer origami structures [72] and 
more general shell structures [73] Adopting bar-hinge models for direct 
inverse design provides the necessary foundation for dynamic relaxation 
form-finding of both rigid-foldable and non-rigid origami structures.

One important omission in current bar-hinge models, however, is 
contact modelling Most implementations simply allow panels to pass 
through one another In the MERLIN code, folding angle is limited by a 
non-linear constitutive model applied to torsion springs [67] This 
however does not address the contact between non-adjacent panels For 
collision detection, point cloud methods have been applied to 
finite-thickness panels [33,34] Such an approach is versatile for complex 
shapes, but does not provide contact force information In thin-panel 
simulation, contact can be simplified to triangle-triangle collision [74] 
This has been applied [75] and includes contact forces, but multiple 
triangle-triangle collision scenarios exist, and certain scenarios remain 
unresolved Developing a model to cover the full range of collision sce
narios is necessary for the direct inverse design method to ensure 
generated patterns are interference-free.

This paper presents a direct inverse design method applicable to both 
rigid-foldable and non-rigid origami patterns As Fig. 1 illustrates, the 
method incorporates dynamic relaxation based on a bar-hinge model 
with contact modelling which covers all possible collision scenarios 
Design objectives and constraints are translated into equivalent forces, 
while isometry constraints are modelled by a coupled bar length scheme, 
so that solutions can be obtained directly, free of external optimization 
processes and equality constraints The entire model is implemented in 
MATLAB as a self-contained package, and typical designs can be 
completed within minutes on a personal computer Section 2 introduces 
the bar-hinge model used here, including how contact is modelled 
within the bar-hinge framework to cover all possible scenarios Section 3
proposes the use of dynamic relaxation with a coupled bar length 
scheme, where design objectives are translated into external forces 
Dimensional and configuration synthesis of origami structures are 
demonstrated using several example designs, including multi- 
configuration morphing origami structures Finally, Section 4 presents 
concluding remarks.

2. Bar-hinge model with complete contact simulation

This section introduces the bar-hinge model implementation, which 
provides the foundation for subsequent direct inverse design Graph 
representation of origami structures is first introduced to provide a 
design framework Subsequently, the bar-hinge formulation and the 
accompanying dynamics simulation scheme are introduced Finally, a 

Fig. 1. Comparison between conventional inverse design methods and direct inverse design using dynamic relaxation (a) Conventional methods involve forward 
simulation and an external optimization loop, resulting in high computation cost (b) The direct inverse design method produces results in a single forward 
computation, where dynamic relaxation accommodates translated design objectives and constraints.
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new contact modelling scheme is proposed to provide efficient identi
fication and contact modelling of all possible triangle-triangle collision 
scenarios necessary for the generation of interference-free structures.

2.1. Graph representation of origami patterns

A well-organised description of origami patterns is essential for 
building a smooth pipeline covering simulation, direct inverse design, 
and post-processing Therefore, a graph representation is used to 
encapsulate the key parameters in an origami pattern Fig. 2 illustrates 
the description of a double-corrugated origami pattern as an instance 
The pattern includes 49 nodes and 120 edges, corresponding to the 
vertices and creases of the origami pattern A number of attributes are 
assigned to each node and edge The MATLAB implementation in this 
paper assumes a consistent system of units is used, and uses degrees for 
angular values.

Each node in the origami pattern include time-invariant and time- 
variant attributes Index number ni identifies the node, and mass m refers 
to concentrated nodal mass External force type assigns the node into 
groups that are subject to different forces Here, for example, the node is 
free Nodes can also be subject to more complex forces representing 
design objectives and constraints, which are discussed in more detail in 
Section 3 Initial nodal coordinates [sx0,sy0,sz0] encode the geometry of 
the origami pattern and are described in a global Cartesian frame, which 
is maintained throughout the implementation On the other hand, time- 
variant variables are described as a time-series, and include the 
instantaneous coordinates [sx,sy,sz], velocity [vx,vy,vz], acceleration [ax, 
ay,az] and total external forces [Fext,x, Fext,y, Fext,z] on the node at each 
time-step.

Each edge in the origami pattern also contain both time-invariant 
and time-variant attributes End nodes [ni,nj] describe the index num
ber of the nodes on either side of the edge, providing unique identifi
cation for the edge Axial and torsional stiffness kbar and khinge are the 
linear stiffness assigned to the bar and hinge components of the bar- 
hinge model Fold direction describes the mountain-valley assignment of 
the crease, and the corresponding equilibrium angle θ0 is the angle 

towards which hinge stiffness applies torque, which can be ramped with 
respect to time Angle limits [θmin,θmax] constrain the folding angle A 
large restoring torque is applied when the folding angle exceeds these 
limits, dictated by angle limit stiffness klim Equilibrium length L0 de
scribes the zero-strain length of the crease, which constant during for
ward simulation, and updated during inverse design Regarding time- 
variant attributes, actuation angle θ0(t) is the instantaneous equilibrium 
angle, which in this case is ramped Folding angle θ(t) describes the 
hinge’s instantaneous position Axial length L denotes the instantaneous 
length of the bar element when strained Corresponding instantaneous 
axial and torsional elastic energies Ebar and Ehinge are also logged.

2.2. Bar-hinge element formulation

In the bar-hinge formulation here, the conventional N4B5 type bar- 
hinge element [66] is used Panels with >3 sides are represented by 
multiple triangular panels, whose shared creases are assigned a large 
stiffness to maintain shape As Fig. 3a shows, the basic element contains 4 
vertices with coordinates si, and 5 connecting bars, forming two adjacent 
panels PA and PB hinged at a shared crease.

The forces exerted on the four vertices in the bar-hinge element are a 
superposition of bar reaction forces and hinge reaction torques For the 
bar component, considering vertices with vector coordinates s1 and s2, 
the forces exerted on each vertex by bar elements would be 

Fbar,s1 = kbar(L − L0)(s2 − s1) (1) 

and 

Fbar,s2 = kbar(L − L0)(s1 − s2) (2) 

respectively, where kbar is the axial stiffness of the bar between s1 and s2, 
L0 is the strain-free length of the bar, and L is the instantaneous length at 
each time step Meanwhile for the hinge component, considering the two 
panels PA and PB with relevant vertex coordinates s1, s2, s3 and s4, the 
forces exerted by hinge torque on each vertex are 

Fig. 2. Graph representation of an example double-corrugated origami pattern Time-invariant and time-variant attributes are assigned to vertices and edges.

Fig. 3. Formulation of the basic bar-hinge element (a) The basic N4B5 bar-hinge element used in this implementation (b) Piece-wise linear torsional constitutive 
model used for implementing folding angle limits.
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Fhinge,s1 = khinge(θ − θ0)

(
cotα123

cotα213 + cotα123

nA

hA
+

cotα124

cotα214 + cotα124

nB

hB

)

,

(3) 

Fhinge,s2 = khinge(θ − θ0)

(
cotα213

cotα213 + cotα123

nA

hA
+

cotα214

cotα214 + cotα124

nB

hB

)

,

(4) 

Fhinge,s3 = khinge(θ − θ0)

(
nA

hA

)

(5) 

and 

Fhinge,s4 = khinge(θ − θ0)

(
nB

hB

)

, (6) 

where nA and nB are the unit normal vectors of panels PA and PB, hA and 
hB are panel heights as measured from their shared edge, angles αijk 
denote in-plane angles between vertices si, sj and sk, θ and θ0 are the 
instantaneous and equilibrium folding angles between the two panels, 
while restoring torque is represented by the term khinge(θ − θ0) 
Regarding energies, the linear model used here allows bar and hinge 
energy components to be calculated conveniently as 

Ebar =
1
2
kbar(L − L0)

2 (7) 

and 

Ehinge =
1
2
khinge(θ − θ0)

2 (8) 

Fig. 3b shows how angle limits are enforced The baseline torque 
refers to the linear torque response provided by the basic bar-hinge 
element A barrier torque is superposed on this baseline torque in order 
to constrain the folding angle to desired limits θmin and θmax, formulated 
as 

T|θ>θmax
= klim(θ − θmax) (9) 

and 

T|θ<θmin
= klim(θ − θmin) (10) 

respectively, which can be added into Eqs. (3)-(6) and Eq. (8) An 
example case showing how the barrier torque enforces folding angle 
limits can be found in Appendix B.

Damping is critical for the steady-state stability of the dynamics 
model, and for convergence of the dynamic relaxation method For 

Fig. 4. Dynamics modelling using the bar-hinge model (a) Computation scheme based on the implicit Euler method (b) Folding simulation of an example Miura-ori 
structure (c) Normalised nodal accelerations, normalised nodal velocities, and folding angles, showing dynamic behaviour (d) Comparison of folding angle against 
the ideal kinematic solution of the Miura-ori pattern.
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simplicity, direct viscous nodal damping is used, meaning damping force 
is proportional to nodal velocity in the global frame of reference, given 
as 

Fdamping = − C
ds
dt
, (11) 

where dsdt refers to nodal velocity and C is a specified damping coefficient.

2.3. Dynamics simulation

With the basic bar-hinge model formulated, origami simulation can 
be completed using different schemes A dynamics model is adopted here 
to provide the prerequisite for direct inverse design using dynamic 
relaxation It treats both rigid-foldable and non-rigid origami structures 
as deformable bar-hinge structures With sufficient bar and hinge stiff
nesses, rigid-foldable structures can be modelled to sufficient fidelity.

Initialization uses the origami pattern’s initial coordinates [sx0,sy0, 
sz0], while velocity is assigned as zero by default The vector notation 
here denotes values for all nodes in the origami pattern Initial angles and 
accelerations are calculated from coordinates and velocities using the 
bar-hinge constitutive model Time-dependent parameters include the 
aforementioned actuation angles and external forces, as well as nodal 
damping, bar and hinge stiffnesses, and other values of choice The full 
state-space description of the dynamic system is completed by a com
bination of nodal coordinates and nodal velocities at each time step The 
time-derivatives of the full system are hence 

ds
dt
|ti = v|ti (12) 

and 

dv
dt
|ti = a|ti =

ΣF|ti
m

, (13) 

where acceleration can be formulated as 
ΣF|ti
m , i.e., the sum of external 

forces and internal (bar-hinge) forces exerted on each node divided by 
nodal mass.

An implicit Euler scheme is used here for its simplicity and uncon
ditional numerical stability, which tests have proven is crucial for 
capturing non-linear effects, including collisions and snap-through 
behaviour The corresponding backwards integration is formulated as 

s|ti+1
= s|ti +

ds
dt
|ti+1

Δt (14) 

and 

v|ti+1
= v|ti +

dv
dt
|ti+1

Δt, (15) 

where Δt is a prescribed time-step, s|ti and v|ti are known, s|ti+1 
and v|ti+1 

are unknown, while ds
dt|ti+1 

and dv
dt |ti+1 

are dependent MATLAB’s fsolve 
function, a trust-region solver, is used to solve for s|ti+1 

and v|ti+1 
that 

satisfy Eqs. (14) and 15 Regarding computational efficiency of the so
lution process, large time-steps can be used by the implicit Euler method 
without hindering solution accuracy or stability, and to further accel
erate the solution process, the Jacobian matrix of the coupled system is 
analytically derived and provided to fsolve This involves assembling the 
stiffness matrix of the bar-hinge model and deriving the derivatives of 
external forces and damping The overall workflow of the dynamics 
model is illustrated in Fig. 4a.

A Miura-ori origami structure is simulated to demonstrate key 
characteristics of the dynamics model developed here Fig. 4b shows the 
folding sequence, while Fig. 4c plots key values from the simulation 
Here, the transverse mountain and valley creases of the Miura-ori 
pattern are actuated, ramping towards ± 180◦ Inspecting relevant 

values presented in Fig. 4c, it can be seen that accelerations are initially 
low, then display several spikes between states III and IV when folding 
angle limits of ± 180◦ are reached, and creases bounce against the angle 
limit before settling at the fully folded state Correspondingly, velocities 
are initially high and drop when the folding angle limits are hit The 
inertial and damping effects included in the dynamics model cause the 
origami structure to deviate from the ideal kinematic path, as shown in 
the folding angle plots The ideal path is traced more closely at first, with 
only slight deviation caused by nodal damping Oscillations arise when 
folding angle limits are reached and the panels bounce back The struc
ture then settles to a steady state Fig. 4d plots angles against angle θ′ of a 
chosen crease, which is annotated in Fig. 4b, alongside ideal kinematic 
solutions of the Miura-ori pattern, further highlighting how the folding 
angles deviate slightly from the ideal solution due to transient dynamics, 
but converge towards correct final values at the steady state.

Appendix A details how using a quasi-static scheme instead of the 
dynamic scheme enables perfect reproduction of ideal rigid folding The 
dynamics model is chosen instead however, for its robustness, applica
bility for both rigid-foldable and non-rigid patterns, and its compati
bility with dynamic relaxation In fact, robust modelling of dynamic 
phenomena using the implicit Euler scheme is a key enabler for the 
dimensional and configuration synthesis capabilities of the proposed 
direct inverse design method.

2.4. Contact Modelling

In many origami patterns, contact happens not between adjacent 
panels that share a common crease, but between non-adjacent panels 
These scenarios cannot be captured by simple folding angle limits and 
therefore require additional modelling Work on contact modelling in 
bar-hinge models exists [75], but does not cover all possible collision 
scenarios, specifically the edge-edge case and the point-edge case 
illustrated in Fig. 5.

By exploiting the fact that bar-hinge models already require trian
gulation of panels for their structure modelling, panel collision can be 
considered solely as triangle-triangle collision Depending on the geo
metric configuration of panels, three distinct collision scenarios exist By 
simple geometric considerations, these scenarios can be identified, and 
restoring forces can be modelled for each case.

Fig. 5 first illustrates the process by which collision scenarios are 
identified Two triangles labelled 1 and 2 are considered here, repre
senting any panel pair in a bar-hinge model First, triangle-triangle 
intersection detection is computed between the two triangles This is 
completed by computing the line-triangle intersection for each edge of 
triangle 1 and the face of triangle 2, and vice versa Denoting the number 
of intersected edges of triangles 1 and 2 as ncol,1 and ncol,2 respectively, it 
can be shown that only two possibilities exist, either Σncol = 0, which 
means the triangle pairs are collision-free, or Σncol = 2, which indicates 
collision.

In the case of collision, two more possibilities exist, either 
ncol,1 = ncol,2 = 1, which corresponds to a case which is referred to here 
as edge-edge collision, or ncol,1 ∕= ncol,2, which leads to further possibil
ities Either ncol,1 = 2 and ncol,2 = 0, which means a corner of triangle 1 
has cut into the face of triangle 2, or ncol,1 = 0 and ncol,2 = 2, which is 
where triangle 2 has cut into triangle 1 For conciseness, only the former 
is illustrated here.

Considering the motion trajectory of panels, there are again two 
possibilities Triangle 1 could have come from an out-of-plane direction 
and cut point-first into the face of triangle 2, or it could have come from 
an in-plane direction and cut into a side of triangle 2 Both cases result in 
the same instantaneous scenario, and swift identification is needed for 
computational efficiency, ideally not using information from the previ
ous time step To achieve this, three distances are considered The mini
mum distance between the intersecting point on triangle 1 and the plane 
of triangle 2 is computed as d1, while the minimum distances between 
the intersecting edges on triangle 1 and the edge of triangle 2 are 
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calculated as d2 and d3, with d2 < d3 If d1 is smaller than d2, it can be 
inferred that triangle 1 came from an out-of-plane direction, and this 
case is referred to as point-face collision Alternatively, if d2 is smaller 
than d1, triangle 1 most likely came from an in-plane direction, leading 
to a case denoted as point-edge collision.

For contact modelling, restoring forces must be considered for each 
case This allows the dynamic bar-hinge model to respond to collisions, 
exerting forces that push panels back, similar to the real world 
Appendices C–E detail benchmark cases and technical details regarding 
each contact case Considering first the edge-edge collision case, the 
restoring force is considered proportional to the minimum distance be
tween the intersecting edges A simple moment equilibrium condition is 
considered in order to distribute this restoring force to the two end nodes 
of each edge This results in four nodal forces, denoted as F1a, F1b, F2a and 
F2b, respectively, which satisfy 
⎧
⎨

⎩

F1a + F1b = − (F2a + F2b)∝d,
l1a × F1a + l1b × F1b = 0,
l2a × F2a + l2b × F2b = 0,

(16) 

where l1a, l1b, l2a, and l2b are the moment arms of the restoring forces 
from the points of minimum distance along the collided edges Summing 
these nodal forces into the bar-hinge model provides the necessary 
restoring force for the edge-edge case Appendix C details benchmark 
cases as well as example cases which demonstrate the validity of this 
formulation.

For the point-face case, the restoring force is considered proportional 
to the minimum distance between the intersecting point of triangle 1 
and the face of triangle 2 The force on triangle 1 is simply applied to the 
intersecting point as a nodal force F1, and the forces on triangle 2 are 
again computed using moment equilibrium All three nodes of triangle 2 
need to exert force to counteract F1 and achieve moment balance 
Considering these nodal forces as F2a, F2b and F2c, the constraining 
equations are 
{

F2a + F2b + F2c = − F1∝d1,
la × F2a + lb × F2b + lc × F2c = 0, (17) 

where li refers to the moment arm of F2i from the intersecting point of 
vector F1 and triangle 2 Note that friction is neglected, so restoring 
forces can be assumed to be perpendicular to triangle 2 The moment 
balance equation is linear, and can be easily solved to yield the 

magnitudes of F1, F2a, F2b and F2c, returning the required nodal forces 
which can be summed into the bar-hinge model Relevant benchmark 
cases and examples can be found in Appendix D.

For the point-edge case, it can be observed that d2 and d3 each 
correspond to an edge-edge collision, so it can be easily modelled using 
two superposed edge-edge contact models which return 5 restoring 
nodal forces Benchmark cases and examples for the point-edge case can 
be found in Appendix E.

In all cases, the contact modelling methods used are able to correctly 
capture the precise contacts between the panels Panels realistically 
bounce back upon collision, and settle into steady states which respect 
panel contacts The implicit Euler scheme is able to robustly proceed with 
the nonlinearities introduced by collision, providing the necessary 
modelling foundation for dynamic relaxation.

3. Inverse design using dynamic relaxation

With a robust bar-hinge model and complete contact modelling at 
hand, the foundation for dynamic relaxation computation is now in 
place, and a direct inverse design method can be developed Inverse 
design of origami structures entails adjusting their crease patterns and 
folding to fulfil design objectives, which are most often prescribed ge
ometries for the folded or partially-folded states The design method 
must accommodate such objectives, respect isometry and collision 
constraints, and be as computationally efficient as possible.

To this end, this paper proposes a new coupled dynamic relaxation 
method Design objectives are imposed as equivalent external forces, and 
isometry constraints are enforced by directly coupling the equilibrium 
lengths of bars in each state Compared to existing methods, this method 
requires minimal manual analysis for each design case More impor
tantly, the method employs a single forward computation process 
Compared to optimizer-based methods which require a large number of 
iterations, or dynamic relaxation with explicit enforcement of equality 
constraints which requires convergence at each step, the current method 
offers higher computational efficiency This section details the formula
tion of the dynamic relaxation scheme and then demonstrates its capa
bilities in dimensional synthesis, configuration synthesis, and the design 
of multi-configuration morphing origami structures.

Fig. 5. Identification and modelling of the three distinct collision scenarios which can arise between a pair of triangular panels.
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3.1. Dynamic relaxation scheme formulation

Direct inverse design using dynamic relaxation generates optimal 
crease patterns by allowing the structure to evolve towards a state of 
minimum strain energy under imposed loads and boundary conditions 
Unlike conventional structures, origami structures fold into multiple 
states with the same bar length but different hinge angles Fig. 6a details 
the computation process for the dynamic relaxation direct inverse 
design method developed here The overall process is very similar to that 
of the aforementioned dynamic bar-hinge forward model, with but two 
key differences.

First, design objectives and constraints are translated into external 
forces imposed on the bar-hinge structure For example, surface-fitting 
objectives can be translated into surface-normal forces that guide 
nodes towards the target surface, and collision constraints are also 
injected here as contact forces By adding equivalent forces, the struc
ture’s minimum strain energy state will satisfy the design objectives, and 
dynamic relaxation will allow the structure to naturally evolve towards 
that design This formulation is akin to Lagrange multipliers in gradient 
descent schemes, and avoids the use of explicit equality constraints 
which require expensive convergence computation.

Second, equilibrium lengths of bar elements are reassigned at each 
time step as the observed instantaneous mean bar length across multiple 
specified states These specified states are used to describe desired con
figurations For example, the folded and unfolded states of an origami 
structure can be computed in parallel By setting the equilibrium bar 
length of a bar in all states as the mean length of that bar across states, 
bar lengths all converge towards the mean value and naturally evolve to 
satisfy isometry constraints, again avoiding explicit equality constraints 
Essentially, bar strain from the mean bar length provides an equivalent 
gradient that guides the evolution of the origami structure’s geometry.

Fig. 6 details the step-by-step workflow of dynamic relaxation with 
bar length coupling Initialization commences separately for states Si, 

where nodal coordinates 
[
sSi

x0, s
Si
y0, s

Si
z0

]
are prescribed, velocities vSi are 

set as zero, while nodal accelerations aSi , folding angles θSi and bar 
lengths L0 can be derived from nodal coordinates Actuation angles θ0|

Si
ti 

and external forces Fext |
Si
ti are set as time-dependent parameters, so that 

they can be ramped gradually to guide the structure towards desired 

shapes, without inducing excessive accelerations and transient behav
iours Actuation angles can be used alongside the aforementioned 
equivalent external forces to describe design objectives For example, 
certain creases can be required to be flat or fully folded, which can be 
conveniently described by θ0 = 0◦ and θ0 = 180◦.

Next, updating coupled bar lengths is the key step that enforces 
isometry constraints For each bar, its bar length is simply computed as 

L0 =
1
n
∑n

i
L|Si

ti , (18) 

where L|Si
ti denotes the bar length observed in each state Si at the current 

time step This is applied as an artificial step in the numerical scheme, 
and is not fully described within the dynamics model, i.e., the implicit 
Euler scheme simply observes an instant change in L0 at each step, 
without modelling length as a separate state with dynamic behaviour 
Owing to the unconditional numerical stability of the implicit Euler 
scheme, such an artificial step has no impact on the robustness or pre
cision of the overall dynamic relaxation scheme, and results can be 
recovered efficiently.

After updating bar length, the updating of derivatives and the im
plicit Euler scheme using a trust-region solver are identical to those of 
the dynamic bar-hinge forward model Note that each state is solved 
independently, without any further exchange of information between 
the states The only carrier of information across states is the mean bar 
length of Eq. (18) After sufficient time, the structure is guaranteed to 
stabilise at a steady-state solution, driven not only by direct nodal 
damping, but also by the artificial damping introduced by the implicit 
Euler scheme.

Fig. 6b and 6c illustrate the surface-normal forces which are used to 
enforce surface fitting objectives for parametric surfaces The expressions 
for planes, cylindrical surfaces, spheres, and saddle surfaces are 
expressed in Cartesian form, while revolute surfaces are expressed in 
polar coordinate form The normal vectors of these surfaces are also 
formulated accordingly After applying a stiffness of choice, surface- 
normal forces can be derived as an attractive force towards the target 
surface The closed-form descriptions of these forces allow subsequent 
stiffness and Jacobian matrices to be constructed directly, as in the bar- 
hinge model, thereby maintaining computational efficiency With regard 

Fig. 6. Direct inverse design using dynamic relaxation (a) Computation scheme where bar length coupling is applied through mean bar length updating (b) Surface- 
normal forces describing parametric Cartesian surface fitting objectives (c) Surface-normal forces describing revolute surface fitting objectives.
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to direct inverse design, developability and flat-foldability constraints 
can also be enforced by constraining a state using plane normal forces 
Such forces also provide a level of flexibility to the design When ob
jectives require strict adherence, stronger surface-normal forces can be 
applied When the design problem is complex or objectives are con
flicting, applying slightly weaker surface-normal forces allows the 
structure to not only converge more quickly but also self-adjust to a 
shape that balances competing objectives In all, the overall dynamic 
relaxation process solves an inverse design problem without using any 
external optimisers in a single forward computation.

3.2. Dimensional synthesis of origami structures

The dynamic relaxation scheme is intended to perform dimensional 
synthesis of origami structures The multiple states of an origami struc
ture evolve in parallel towards a desired shape Simultaneous adjustment 
of all nodal coordinates is performed, which is equivalent to adjusting 
the dimensions of all panels and creases For typical origami patterns, 
this involves dozens if not hundreds of independent variables and 
multiple design objectives, covering at least the folded and unfolded 

states This section demonstrates how dimensional synthesis can be 
efficiently performed to produce optimal results.

Fig. 7 displays an example design problem using a Waterbomb 
origami pattern, conceptualised for origami-based coronary stents The 
design objectives include: (1) The unfolded state is to be cylindrical, i.e 
zero Gaussian curvature, so that it may be fabricated from a planar sheet 
(2) The folded state is to have a convex exterior profile, while the inner 
nodes of the Waterbomb pattern are to be along the central axis (3) The 
vertical creases in the pattern are to be fully folded, i.e have 180◦ folding 
angle.

To maximise computation efficiency, a single section of the 6-section 
Waterbomb pattern is modelled here This restricts the design problem to 
25 unique vertices, whose Cartesian coordinates are equivalent to 75 
design variables To enforce periodic boundary conditions, attractive 
forces are applied between node pairs, with the addition of a rotation 
transformation An additional half-section is included, so that all folding 
angles can be modelled The key surface constraints for the folded state are 
illustrated in Fig. 7d The outer nodes are guided towards a convex surface 
by equivalent external forces, while the inner nodes are guided towards 
the central axis These nodes are free to move along the surface or axis At 

Fig. 7. Dimensional synthesis of a Waterbomb pattern with a cylindrical unfolded state and a convex folded state A corresponding video can be found in the 
supporting information (a) Evolution of the unfolded state (b) Evolution of the folded state (c) Relative length discrepancy and total strain energy during dynamic 
relaxation (d) Illustration of imposed constraints (e) Result from dynamic relaxation without contact modelling, where physical interference occurs.
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the top and bottom edges, an additional horizontal surface constraint is 
applied For the unfolded state, nodes are constrained to have equal radius 
The mean radius of all nodes is calculated at each time step, and nodes are 
guided towards a cylinder of that radius This applies the cylindrical shape 
constraint without constraining the cylinder’s radius.

Fig. 7a and 7b display the evolution of the unfolded and folded 
states, with corresponding length discrepancy and strain energy dis
played in Fig. 7c External forces and folding angle actuations are ramped 
between t′ = 0 and t′ = 1, where t′ is normalised time Afterwards, the 
structure is allowed to relax until t′ = 100 Normalised length discrep
ancies ΔL′ are the difference between a bar’s length in the unfolded and 
folded states, expressed as a percentage of total length Normalised strain 
energy E′ is the sum of bar and hinge strain energies in the entire 
structure It can be observed that both rise as the structure is gradually 
loaded, then decay exponentially towards a steady state Note that 
neither values converge towards zero, meaning a trade-off is completed 
between the conflicting objectives imposed here The dynamic relaxation 
procedure is able to naturally find the best trade-off solution through 
evolution.

Finally, Fig. 7e displays a result when the aforementioned contact 
modelling within the bar-hinge model is omitted Physical interference 
between panels is observed As the Waterbomb pattern evolves, the 
minimum-energy path leads it to a geometric configuration in which 
non-adjacent panels collide This is not captured by folding angle limits, 
so with the absence of contact modelling, the panels pass through one 
another into an invalid minimum-energy state Conversely, when contact 
modelling is included, it can be seen in state IV of Fig. 7b that the panels 
contact one another at their edge, without further intersection.

Fig. 8 details the unfolding of the resulting Waterbomb structure 
Here, all hinges are actuated towards the unfolded state, simulating the 
deployment of an elastic-energy-driven stent The structure begins from 
its convex folded state and unfolds into the expected cylinder shape, 
following a process similar to that analysed for non-rigid Waterbomb 
patterns [76] As Fig. 8b shows, paper prototypes were also fabricated to 
validate the geometry of the generated origami structure The prototype 
consists of 170 gramme per square metre tear-resistant card stock, with 
creases etched using a laser cutter.

3.3. Configuration synthesis of origami structures

Apart from dimensional synthesis, the dynamic relaxation scheme is 
capable of generating folding configurations that are not designed a 
priori This is owing to the implicit Euler scheme’s ability to accommo
date highly non-linear phenomena, allowing the structure to deform 
across local minimum states, into states of global minimum energy Such 
changes in folding configurations are coupled with changes in origami 
structure dimension, and therefore are difficult to design using other 
methods This section demonstrates how configuration synthesis can also 
be completed by the dynamic relaxation method.

Fig. 9 displays a second example design problem using the Water
bomb origami pattern The design objectives include: (1) The unfolded 
state is to be concave, so that the resulting stent may fit the profile of 
certain arteries (2) The folded state is to have a cylindrical exterior 
profile, while the inner nodes of the Waterbomb pattern are to be along 
the central axis (3) The vertical creases in the pattern are to be fully 
folded The topology and in fact the initial shape of the Waterbomb 
origami pattern is unchanged from that in Fig. 7, with 25 unique vertices 
corresponding to 75 equivalent design variables However, the geometric 
conditions of the design objectives imposed here dictate that a valid 
solution can no longer be obtained through adjustments to dimensions 
only As seen in Fig. 9b, a twist in the origami structure emerges from the 
dynamic relaxation process, accommodating panels in the folded state.

Figs. 9a and 9b display the evolution of the unfolded and folded 
states, with corresponding length discrepancy and strain energy dis
played in Fig. 9c The external forces and folding angles are again ramped 
until t′ = 1 and held Afterwards, a swifter relaxation is observed, ter
minating at t′ = 20 It is during this relaxation process, across states II, III, 
and IV, that the twisted configuration of the folded structure is formed A 
significant jump in both bar length discrepancy ΔL′ and strain energy E′ 
can be observed near state III, where the structure turns towards the 
twisted configuration Twisting of the Waterbomb pattern has been dis
cussed in previous research [77], and is independently generated here 
by dynamic relaxation as a method to accommodate panels, without any 
deliberate injection of design knowledge In fact, it was not known be
forehand that twists are necessary for the concave structure here.

Fig. 8. Unfolding of the generated Waterbomb pattern from the convex folded state to the cylindrical unfolded state (a) Unfolding process of the overall structure (b) 
Paper prototype displaying the folded and unfolded states (c) Corresponding folding angles computed for the unfolding process.
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Fig. 10 details the simulated concave Waterbomb structure Again, all 
hinges are actuated towards the unfolded state The structure begins 
from its cylindrical folded state and unfolds into the expected concave 

shape along a non-rigid folding path It can be observed how the twist 
unravels as the entire structure unfolds Again, paper prototypes show 
that the generated geometry is valid.

Fig. 9. Configuration synthesis of a Waterbomb pattern with a cylindrical folded state and concave unfolded state A corresponding video can be found in the 
supporting information (a) Evolution of the unfolded state (b) Evolution of the folded state (c) Relative length discrepancy and strain energy during dy
namic relaxation.

Fig. 10. Unfolding of the generated Waterbomb pattern from the cylindrical folded state to the concave unfolded state (a) Unfolding process of the overall structure 
(b) Paper prototype displaying the folded and unfolded states (c) Corresponding folding angles computed for the unfolding process.
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3.4. Multi-configuration morphing origami structure

The coupled dynamic relaxation method developed here can readily 
accommodate more than just two states, raising the possibility of 
designing multi-configuration origami structures To demonstrate this, a 
multi-configuration morphing Resch origami structure is designed.

The triangular Resch pattern used here contains 61 vertices, corre
sponding to 183 equivalent design variables As shown in Fig. 11a, four 
target surfaces are imposed in four separate states A flat plane in the first 
state enforces developability, while the latter three states enforce a 
spherical surface, a saddle surface, and a cylindrical surface respectively 
In addition to surface fitting constraints, folding angle constraints were 
also applied to certain creases To maintain a fixed outer boundary for 
the folded Resch pattern, which provides better structural integrity, 
creases along the boundary are pinched at a prescribed 180◦ folding 
angle Initial geometries are simply the original triangular Resch pattern 
with identical tessellated panels Surface-normal forces and hinge forces 
are exerted on relevant vertices of the patterns in each state, pushing 
them into the final shape shown in Fig. 11b The resulting crease pattern 
is displayed in Fig. 11c, overlayed onto the initial pattern The differ
ences before and after dynamic relaxation can be observed Pinched 
creases corresponding to folding angle constraints are also marked.

The length difference and energy evolution during dynamic relaxa
tion is plotted in Fig. 11d The surface-normal forces are ramped with 
normalised time t′, in between t′=0 and t′=1 This is done by gradually 
morphing the target surface from flat to the prescribed shape, providing 
guidance to the structure normalised length differences ΔL′ and nor
malised energy E′ both experience a corresponding initial rise and 
exponential decay Fig. 11e shows the fabricated physical prototype The 
pinched creases are maintained at 180◦ folding angle using adhesives 
Once folded, the prototype can freely morph between the spherical, 
saddle, and cylindrical states.

Certain features can be highlighted within the synthesised design 
Morphing is entirely accommodated by the triangular stars of the Resch 
pattern While the boundary creases have been pinched, these stars are 
allowed to open and close, changing the overall form of the entire 
pattern In the saddle state, all stars are fully closed, meaning at least two 
of the three radial creases reach 180◦ folding angle, eliminating any 
degree of freedom As the stars open, the overall structure is free to 
morph into the other two states.

To experimentally validate the resulting design, geometric infor
mation of the paper prototype is extracted, so that quantitative com
parison may be conducted The model is placed on a 3D printed mount, 
and a 3D Scanner (Artec Space Spider, scanning accuracy of 0.05 mm) is 

Fig. 11. Synthesis of a multi-configuration morphing Resch pattern A corresponding video can be found in the supporting information (a) Target surfaces (b) Ideal 
design after dynamic relaxation (c) Resulting pattern geometry overlayed on the initial pattern geometry (d) Relative length discrepancy and strain energy during 
dynamic relaxation (e) Paper prototype of the resulting design (f) Deviation of the prototype from the ideal design.
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used to produce a digital reconstruction of the geometry Fig. 11f dis
plays the z-direction deviation of the manufactured prototype from the 
ideal design, i.e., the output in Fig. 11b Deviations in the model arise 
from manufacturing imperfections and are expressed as a percentage of 
the total model size The spherical state experiences the most deviation, 
at around 5%, which appears at the edges This is due to residual strain in 
the paper prototype causing unwanted deformation, which affects sur
face fitting In the saddle and cylindrical states, far lower deviation is 
observed, as the Resch pattern’s stars are closed, making the structure 
better constrained In addition to the Resch pattern, origami structures 
such as the well-studied Miura-ori pattern can also be synthesised for 
multiple configurations An additional design case can be found in 
Appendix F In all, the dynamic relaxation method is capable of pro
ducing designs which accommodate numerous design objectives and the 
isometry constraints imposed by multiple folding configurations.

4. Conclusions

This paper presents a direct inverse design methodology for origami 
structures that addresses the challenges associated with complex design 
objectives and constraints By integrating dynamic relaxation with 
isometry constraints enforced through bar length coupling, and trans
lating design objectives and constraints into equivalent external forces, 
the proposed approach eliminates the need for iterative optimization or 
explicit enforcement of equality constraints, enabling efficient form- 
finding in a single forward computation.

Under the proposed inverse design scheme, complex surface fitting 
objectives are incorporated as external surface-normal forces, while a 
comprehensive contact force modelling scheme effectively handles all 
possible panel collision scenarios to enforce interference constraints The 
implicit Euler scheme employed for solving the dynamic relaxation 
problem ensures robust capture of highly nonlinear behaviours with 
minimal computational cost Through force-based representation of 

objectives and constraints, the method achieves simultaneous dimen
sional and configurational synthesis of origami structures.

The successful synthesis of multiple origami structures, including 
multi-configuration examples, demonstrates the versatility and practical 
applicability of the proposed framework for simultaneous dimensional 
and configuration synthesis of origami structures In addition, the bar- 
hinge model employed by this method extends its applicability beyond 
origami structures to encompass truss, membrane, and tensegrity 
structures, all of which admit a bar-hinge representation This work aims 
to provide a new tool for the direct inverse design of origami structures 
and offers a generalizable foundation for extending these principles to 
the design of other structures.
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Appendix A Quasi-static simulation

Quasi-static simulations are useful for accurate modelling of rigid-foldable origami By removing any dynamic effects, it is possible to accurately 
trace the kinematic trajectory taken by rigid-foldable origami mechanisms To retain the bar-hinge formulation and unify with other models, a force 
equilibrium model is used This is illustrated in Fig. A1a.

Fig. A1. Quasi-static modelling and example results of a Miura-ori pattern (a) Computation scheme based on nodal force equilibrium (b) Folding simulation of the 
Miura-ori structure (c) Folding angles which correspond exactly with the theoretical kinematic solution.
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Initialization defines the starting position of the simulation Initial coordinates [sx0,sy0,sz0] are adopted, and initial folding angles θ can be 
calculated Note that these values are vector values that encapsulate all vertices and creases in the pattern Stepping forward, time-dependent pa
rameters including actuation angles a|ti and external forces Fext |ti can be expressed according to the specific simulation task Other values, including bar 
length and stiffness, can also be altered in the bar-hinge model, allowing versatile simulation capabilities Force equilibrium involves solving 
instantaneous coordinate values [sx,sy,sz] which must satisfy 

a|ti =
F|ti
m

= 0 (A1) 

Because a quasi-static assumption is used, velocities are assigned to zero, negating any inertial or damping effects The valid values of [sx,sy,sz] are 
numerically obtained using a trust region solver (MATLAB fsolve) The target scenarios considered here are mainly rigid-foldable origami, which have 
smooth kinematics, so such a force-equilibrium scheme is adopted to harmonise with dynamic bar-hinge models For highly non-linear scenarios, 
including snap-through behaviours, this scheme will not converge, and dynamic simulations are recommended instead.

Figure A1b shows illustrative results of a Miura-ori pattern The actuation angles of mountain and valley creases, denoted as black edges, are 
linearly ramped from 0◦ to ± 180◦, and a large stiffness is applied to creases within quadrilateral panels, denoted as grey edges, to preserve panel 
flatness Folding angles θ are plotted against normalised time t′, and it can be observed that folding angles closely follow the ideal kinematic path 
expected from Miura-ori patterns, and are free of any oscillatory behaviour or deviations.

Appendix B folding angle limit modelling

Folding angle limits are enforced by a piece-wise linear torsion spring constitutive model As introduced in the main text, restoring torque is applied 
by a superposed torsion spring with significant stiffness once the folding angle exceeds limits Fig. B1 presents an illustrative case where folding angle 
limits influence simulation results The spiral quadrilateral origami pattern [78] simulated here contains geometrically similar panels that are scaled 
sequentially, leading to the root (smaller) panels reaching 180◦ folding angle before the subsequent panels When angle limits are not applied, the root 
panels exceed 180◦, which is incorrect This is shown in Fig. B1a, where the trajectory exceeding 180◦ is annotated in red When angle limits are 
applied, the folding process correctly stops at 180◦.

Fig. B1. Folding angle limit modelling of a spiral origami pattern (a) Simulation without contact (b) Simulation with contact.

Appendix C edge-edge contact modelling

Edge-edge contact is illustrated in Fig. C1a As the main text introduced, restoring forces are proportional to the minimum distance between the two 
intersecting edges and are distributed according to moment equilibrium A benchmark case is presented below, where Fig. C1b plots folding angles and 
nodal acceleration magnitudes, while Fig. C1c illustrates the folding process The centre quadrilateral panel of this benchmark case is fixed, and one 
neighbouring triangular panel is sprung upwards until it collides with the other triangular panel Motion can first be observed via θ1, then initial 
contact occurs in state III, where θ2 begins to shift, and significant accelerations can be observed Pushing behaviour between the two panels can be 
correctly observed as well. 
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Fig. C1. Edge-edge contact model for a pair of triangular panels (a) Illustration of key parameters (b) Benchmark case folding angle and acceleration results (c) 
Benchmark case folding process.

Edge-edge contact can also be found in more complex origami structures Here, another spiral origami pattern with geometrically similar quad
rilateral panels [78] is modelled When folding, opposing panels contact one another at their edges The effect of edge-edge contact modelling is 
illustrated below, where Fig. C2a shows how panels intersect when contact is not modelled, and Fig. C2b shows how contact modelling leads to folding 
being correctly stopped, and how spikes in acceleration can be correctly captured by the implicit Euler numerical scheme.

Fig. C2. Edge-edge contact modelling of a spiral origami pattern (a) Simulation without contact (b) Simulation with contact.
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Appendix D point-face contact modelling

Point-face contact is illustrated in Fig. D1a As the main text introduced, restoring forces are proportional to the minimum distance between the 
intersecting point and the corresponding face, and again distributed according to moment equilibrium A benchmark case is shown below, where 
Fig. D1b plots folding angles and nodal accelerations, while Fig. D1c illustrates the folding process A similar configuration consisting of a centre 
quadrilateral panel and neighbouring triangular panels is used, and panel geometry is slightly altered to produce point-face contact Initial motion can 
also be observed via θ1, and initial contact occurs in state III It can be observed how the point contacts the opposing face, pushing it away while also 
leading to compression of panel edges neighbouring the point.

Fig. D1. Point-face contact model for a pair of triangular panels (a) Illustration of key parameters (b) Benchmark case folding angle and acceleration results (c) 
Benchmark case folding process.

Point-face contact is again benchmarked using a spiral origami pattern, which is in fact identical to that in Fig. C2 An alternative mountain-valley 
crease assignment [79] leads to a different folding configuration where opposing panels collide with point-face contact The effect of point-face contact 
modelling is illustrated below, where Fig. D2a shows how panels intersect when contact is not modelled, and Fig. D2b shows how contact modelling 
leads to folding being correctly stopped, and how the overall origami pattern folds into a triangular configuration.

Fig. D2. Point-face contact modelling of a spiral origami pattern (a) Simulation without contact (b) Simulation with contact.

Appendix E point-edge contact modelling

Point-edge contact is illustrated in Fig. E1a As the main text introduced, this case is essentially two superposed edge-edge contacts Correspond
ingly, contact stiffness is halved for each edge-edge contact, so the overall point-edge contact behaviour is retained A benchmark case is presented 
below, where Fig. E1b plots folding angles and nodal accelerations, while Fig. E1c illustrates the folding process A second quadrilateral panel is used 
here, replacing one triangular panel so that point-edge contact occurs Motion can again be observed via θ1, and initial contact occurs in state III The 
triangular panel is parallel with the edge it collides with, so even if smaller time-steps were to be used, the triangular panel will inevitably overshoot 
the edge and entirely cut into the quadrilateral panel, necessitating the point-edge contact case here to be differentiated from a point-face case Here it 
can be observed how the triangular panel is correctly stopped by the edge, and how pushing between panels occurs. 
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Fig. E1. Point-edge contact model for a pair of triangular panels (a) Illustration of key parameters (b) Benchmark case folding angle and acceleration results (c) 
Benchmark case folding process.

Point-edge contact mainly arises as edge cases which sporadically arise at certain time-steps In the arc-Miura pattern [80], however, it is a driving 
phenomenon Panels on opposing sides of the pattern collide with one another, and due to the geometry of the arc-Miura pattern, tend to contact in the 
point-edge mode The effect of point-edge contact modelling is illustrated below, where Fig. E2a shows how panels intersect when contact is not 
modelled, and Fig. E2b shows how contact modelling leads to folding being correctly stopped, and how the panels rest in a forked configuration.

Fig. E2. Point-edge contact modelling of an arc-Miura origami pattern (a) Simulation without contact (b) Simulation with contact.

Appendix F design of a multi-configuration Miura-ori structure

The Miura-ori pattern is one of the most seminal origami patterns to date, simultaneously possessing developability, flat-foldablity, and rigid- 
foldablity Previous works have extensively studied its surface-fitting capabilities, showing that the Miura-ori pattern can retain developability and 
flat-foldability whilst fitting target surfaces in its partially folded state While existing works use a dedicated system of simultaneous equations, solving 
the same problem using dynamic relaxation offers advantages in convenience and efficiency The Miura-ori pattern used here contains 49 vertices, 
corresponding to 147 design variables The design results are shown in Fig. F1 Three simultaneous configurations are used The first states is the flat 
unfolded state, where out-of-plane normal forces constrain vertices to only move in plane, enforcing developability The second state is the flat-folded 
state, where similar out-of-plane forces enforce flat-foldability The third state is a partially folded state, where the top vertices of the Miura-ori pattern 
are constrained to a spherical surface, using normal forces illustrated in Fig. 6b The quadrilateral panels are kept flat by adding a large stiffness to the 
diagonal bar-hinge element, enforcing rigid-foldability Figure F1d shows the generated pattern, and relevant paper models are included in Fig. F1f By 
generating the Miura-ori pattern as a multi-configuration origami structure, common properties including developability and flat-foldability can be 
conveniently enforced under the dynamic relaxation framework. 
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Fig. F1. Synthesis of a multi-configuration Miura-ori pattern A corresponding video can be found in the supporting information (a) Evolution of the flat unfolded 
state (b) Evolution of the flat-folded state (c) Evolution of the partially folded state which approximates a spherical surface (d) Resulting pattern geometry overlayed 
on the initial pattern geometry (e) Relative length discrepancy and strain energy during dynamic relaxation (f) Paper prototype of the resulting design.

Data availability

Data will be made available on request.
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