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Vertex-Splitting on a Diamond
Origami Pattern
A diamond origami pattern is a well-known origami pattern consisting of identical sixcrease vertices. As each vertex can be modeled as a spherical 6R linkage with three
degrees of freedom (DOF), the tessellated pattern with multiple vertices is a multi-DOF
system, which makes it difﬁcult to fully control the motion in the desired symmetric
manner. Here, two splitting schemes on the diamond vertex are proposed to generate
three types of unit patterns to reduce the DOF. This vertex-splitting technique is applied
to the multivertex diamond origami pattern to produce several one-DOF basic assemblies,
which form a number of one-DOF origami patterns. Two of the one-DOF origami patterns
are discussed: one of which is a ﬂat-foldable origami pattern mixed with four- and sixcrease vertices and the other is a nonﬂat-foldable one mixed with four-, ﬁve-, and
six-crease vertices. In the one-DOF patterns, the symmetrically kinematic property of the
original diamond origami pattern is well kept. Such property would signiﬁcantly facilitate
engineering applications comparing to the multi-DOF origami patterns. It also paves a new
road to construct one-DOF origami patterns. [DOI: 10.1115/1.4043214]
Keywords: vertex-splitting, diamond origami pattern, kinematic model

1 Introduction
Origami is a paper folding art, transforming a paper sheet into a
three-dimensional structure. Rigid origami [1] is a subdivision of
origami, where its facets can rotate around the crease and no deformation occurs on facets. As traditional engineering materials are
generally rigid, this kind of origami has great potential for engineering applications in different areas, such as aerospace [2–4], civil
engineering [5,6], biomedicines [7], and robotics [8–12].
An origami vertex is a pattern with several creases meeting at a
point. Taking the rigid panels and creases as links and hinges, respectively [13,14], the vertex is kinematically equivalent to a spherical
linkage [1,15]. Hence, the kinematic theory of mechanism can be
applied to analyze rigid origami patterns [16–19]. To ensure the necessary condition of rigid foldability, an origami vertex has at least
four creases. Such vertex can be regarded as a spherical 4R linkage
with one degree of freedom (DOF), whose motion can be easily controlled. As the one-DOF origami pattern is typical and simple, patterns consisting of multiple four-crease vertices has been widely
studied [16,20–23]. These four-crease origami patterns can be considered as mobile assemblies of spherical 4R linkages, so the large
multivertex patterns are generally overconstrained. The compatible
analysis [1] based on the Denavit and Hartenberg (D–H) notation
[24] is applied to detect rigid foldability. However, the overconstrained nature of four-crease origami patterns limits the variation
of the geometric condition in sector angles, while constructing the
origami pattern only with four-crease origami vertices also limits
the inventions of new one-DOF origami patterns.
On the other hand, in many classical origami patterns, such as the
diamond origami pattern (Yoshimura pattern) [20,25], the waterbomb origami pattern, and Resch origami patterns [26,27], their
vertices have more than four creases, which leads to multiple
DOFs. As such patterns can be deployed to variable conﬁgurations,
they have been widely used in robotics [9–12,28]. The constraint of
parallel mechanism derived from the waterbomb base [18] and the
motion characteristics of origami patterns based on their equivalent
foldable mechanisms [19] are analyzed. Yet, it is always a great
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challenge in single and accurate control. Hence, reducing the
number of DOF in origami is an emerging and practical research
request. A number of methods have been proposed, including
adding extra constraints [29–31], replacing multi-DOF spherical
linkages at origami vertices by one-DOF spatial linkages with thickpanel origami method [32], and transforming the multi-DOF vertex
into an assembly of four-crease vertices with doubled crease lines
[33]. However, there is no systematic study on how to reduce the
number of DOF of origami patterns, while maintaining their kinematic motion characteristics.
Therefore, this paper proposes a vertex-splitting technique to
obtain one-DOF origami patterns with kinematic equivalence by
taking the diamond origami pattern as the subjective pattern. The
layout of this paper is as follows. Two vertex-splitting schemes
are proposed on the diamond vertex and generate three types of
unit patterns in Sec. 2 with the analysis of kinematic behaviors.
The technique is applied to the multivertex diamond origami
pattern to produce one-DOF basic assemblies and one-DOF
origami patterns in Sec. 3. The conclusion is drawn in Sec. 4.

2 Vertex-Splitting on the Diamond Vertex
A diamond vertex has six creases meeting at one point, as shown
in Fig. 1. zi (i = 1, 2, 3, 4, 5, 6) are the crease axes and αi(i+1) are
sector angles with the geometric conditions
α12 = α61 = α
α23 = α56 = π − 2α
α34 = α45 = α

(1)

where 0 < α ≤ π/4 to ensure ﬂat-foldability. Taking creases and rigid
panels as revolute joints and links, respectively, the diamond vertex
can be considered as a spherical 6R linkage with three DOFs
[18,34].
Imposing the line- and plane-symmetric conditions to the vertex
A
A
A
A
A
in Fig. 1, i.e., θA
1 = θ 4 and θ2 = θ3 = θ5 = θ6 [31], the kinematic
equations, Eq. (2), of spherical 6R linkage can be derived from
the matrix method, see Appendix A for detailed process.
θA
θA
A
A
A
A
A
1
(2)
= − cos α tan 2 , θA
1 = θ4 , θ2 = θ3 = θ5 = θ6
2
2
A
in which θi is the kinematic variable set up with the D–H notation.
In origami study, dihedral angles are preferred to have a direct
tan
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As the diamond vertex is plane-symmetric about the central
creases a1 and a4 (Fig. 3(a)), two vertex-splitting schemes are proposed. SI is splitting toward the direction parallel to the central
creases to get pattern DI and SII is toward the direction perpendicular to the central creases to obtain pattern DII, see Figs. 3(b) and
3(c). Two schemes acting on the diamond vertex at the same time
produce pattern DI-II in Fig. 3(d).
Pattern DI (Fig. 3(b)) consists of two four-crease vertices B and
C, which can be regarded as two spherical 4R linkages connected in
series with one DOF [19]. The kinematic equations of spherical 4R
linkages B and C can be derived from Eq. (A4) in Appendix A as

Fig. 1

Fig. 2 The motion sequence of the diamond vertex in line- and
plane-symmetric folding

presentation of the folding process. The dihedral angles and kinematic variables have the following relationship:
A
θA
2 = π + φ2 ,

A
θA
3 = π + φ3 ,

A
θA
4 = π − φ4 ,

A
θA
5 = π + φ5 ,

A
θA
6 = π + φ6

φB1
1
φB
tan 2 ,
=
2 cos α
2

φB1 = φB3 ,

φB2 = φB4

(5a)

tan

φC1
1
φC
tan 2 ,
=
2 cos α
2

φC1 = φC3 ,

φC2 = φC4

(5b)

The shared joint b3/c3 satisﬁes φB3 = φC3 . When giving an input
dihedral angle, all the other angles will be determined accordingly.
For the vertex in Fig. 3(a) and pattern DI in Fig. 3(b), setting input
B
φA
2 = φ2 , from Eqs. (4), (5a), and (5b), the relationship of the other
dihedral angles can be obtained as

A diamond vertex

A
θA
1 = π − φ1 ,

tan

A
A
B
B
C
C
φA
3 = φ5 = φ6 = φ2 = φ4 = φ2 = φ4

(6a)

A
B
C
φA
1 = φ4 = φ1 = φ1

(6b)

Hence, pattern DI is kinematically equivalent to the original
diamond vertex in line- and plane-symmetric conditions. It is ﬂatfoldable, whose motion sequence is shown in Fig. 4.
Pattern DII (Fig. 3(c)) has two ﬁve-crease vertices with shared
crease d5/e5. As each ﬁve-crease vertex has two DOFs, this
pattern has three DOFs [19]. As each vertex is plane-symmetric
about crease d5/e5, symmetric folding of each vertex is allowed
by introducing symmetric conditions of dihedral angles, i.e., φ3D/E =
D/E
φD/E
= φ1D/E to vertices D and E. The following kinematic
2 , φ4

(3)

Then, Eq. (2) becomes
tan

φA
1
φA
1
tan 2 ,
=
2 cos α
2

A
φA
1 = φ4 ,

A
A
A
φA
2 = φ3 = φ5 = φ6

(4)

which expresses the folding property of the diamond vertex under
the line- and plane-symmetric conditions, and the corresponding
motion sequence is shown in Fig. 2.

Fig. 4 The motion sequence of pattern DI

Fig. 3 The crease patterns of a diamond vertex and its corresponding unit patterns by splitting vertices. (a) Diamond
vertex, (b) pattern DI, (c) pattern DII, and (d) pattern DI-II.
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equations are obtained:
tan φD
1 = − cos α cot

φD
2
,
2

D
φD
3 = φ2 ,

D
φD
4 = φ1 ,

2
4
2
2
cos φD
5 = 8 sin α − 8 sin α − 8 sin α sin

+ 2 sin4 α sin2

tan φE1 = − cos α cot

φD
φD
2
+ 8 sin4 α sin2 2
2
2

φD
2
−1
2

(7a)
Fig. 6 The motion sequence of pattern DI-II

φE2 E
, φ3 = φE2 , φE4 = φE1 ,
2

cos φE5 = 8 sin2 α − 8 sin4 α − 8 sin2 α sin2

G
taking φA
2 = φ2 into Eqs. (4), (9), and (10), we can obtain

φE2
φE
+ 8 sin4 α sin2 2
2
2

φE
+ 2 sin α sin 2 − 1
2
4

2

A
A
F
G
H
L
φA
3 = φ5 = φ6 = φ2 = φ2 = φ2 = φ2
F
G
H
L
φA
1 = 2(φ1 − π/2) = 2(φ1 − π/2) = 2(φ1 − π/2) = 2(φ1 − π/2)

(7b)

(11)

E
With φD
5 = φ5 at the shared crease d5/e5, one input dihedral angle
will determine the conﬁguration of pattern DII in symmetric condiD
tions. Taking φA
2 = φ2 into Eqs. (4), (7a), and (7b), we obtain

Similar to patterns DI and DII, diamond vertex under line- and
plane-symmetric conditions is kinematically equivalent to pattern
DI-II. Because the sum of the alternate angles about each vertex
is not equal to π, this pattern is nonﬂat-foldable [36]. The motion
sequence of this pattern is shown in Fig. 6.

A
A
D
D
E
E
φA
3 = φ5 = φ6 = φ2 = φ3 = φ2 = φ3

(8a)

A
D
D
E
E
φA
1 = φ4 = 2(φ1 − π/2) = 2(φ4 − π/2) = 2(φ1 − π/2) = 2(φ4 − π/2)
(8b)

Thus, the dihedral angles of the valley creases d2, d3, e2, e3 are
equal to that of creases a2, a3, a5, a6 in the diamond vertex. The
dihedral angles between the panels P1 and P2 and the panels P3
and P4 in Fig. 3(c) are equal to φA
1 . This also indicates pattern
DII in symmetric conditions is kinematically equivalent to the
diamond vertex under line- and plane-symmetric conditions. Its
motion sequence is shown in Fig. 5. It should be noted that
pattern DII loses ﬂat-foldability due to the ﬁve-crease vertices.
Applying the two above-introduced vertex-splitting methods to
the diamond vertex at the same time, a plane-symmetric pattern
DI-II with four four-crease origami vertices is constructed, as
shown in Fig. 3(d). Based on the truss method [35], we obtain
the number of overconstraint and DOF as s = 1 and m = 1 in
Appendix B, i.e., this pattern is overconstrained with one DOF.
With the symmetric condition that linkages F, G, H, and L are symmetric about x-axis and y-axis, these vertices have equivalent
motions as follows:
tan φi1 = − cos α cot

3 Vertex-Splitting on a Multivertex Diamond Origami
Pattern
A tessellation of the diamond origami pattern with six identical
vertices is shown in Fig. 7. These vertices can be divided into four
rows and three columns. Each vertex is noted as Ai (i = 1, 2, …, 6).
According to the truss analogy, it has nine DOFs with j = 18 nodes
and b = 39 bars. Thus, it is much difﬁcult to fully control the pattern’s
motion. In order to maintain the symmetrically geometrical characteristics and avoid the nonrigid origami patterns, we split the vertices
in the pattern by whole row or column. SI can be applied to vertices in
a row to produce pattern DI. Four rows generate 15 cases of
vertex-splitting SI1 to SI1,2,3,4 in Table 1. Here, SIi means applying
the vertex-splitting method SI to split the vertices in rows i (i = 1,
2, 3, 4). SII can be applied to vertices in a column, which leads to
ﬁve cases SII1 to SII1,2,3 in Table 1. SI0 and SII0 mean no

φi2
2

sin φi3 = cos φi2 sin φi1 − cos α sin φi1 sin φi2
cos φi4 = 2 sin2 α cos2

φi2
− 1,
2

(9)

i = F, G, H, L

Because of the dihedral angles satisfying
φF4 = φG
4,

H
φG
3 = φ3 ,

φL4 = φH
4,

φF3 = φL3

(10)

Fig. 5 The motion sequence of pattern DII in symmetric
conditions
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Fig. 7 A diamond origami pattern with six vertices
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Table 1 Cases of vertex-splitting on the multivertex diamond
origami pattern in Fig. 7

SI0
SI1
SI2
SI3
SI4
SI1,2
SI1,3
SI1,4
SI2,3
SI2,4
SI3,4
SI1,2,3
SI1,2,4
SI1,3,4
SI2,3,4
SI1,2,3,4

SII0

SII1

SII2

SII1,3

SII1,2

SII1,2,3

m
m
m
m
m
m
1
m
m
m
m
1
1
1
m
1

m
m
m
m
m
m
1
m
m
m
m
1
1
1
m
1

m
m
m
m
m
m
1
m
m
m
m
1
1
1
m
1

m
m
m
m
m
1
1
1
1
m
1
1
1
1
1
1

m
m
m
m
m
1
1
1
m
m
m
1
1
1
m
1

m
m
m
m
m
1
1
1
1
m
1
1
1
1
1
1

Note: The “m” means multi-DOF and “1” means one-DOF.

condition [16], which can be denoted by the diagram with quadrilateral loops of four spherical 4R linkages in Fig. 8(g).
Type 2 one-DOF basic assemblies in Figs. 9(a)–9(d ) are two or
three four-crease vertices connected in series, whose two ends
connected to the ﬁve-crease vertex as two inputs to make the
whole assembly one DOF. For example, in Fig. 9(a), vertices A
and C are in series with rotation on crease AC as input and
creases AB and BC as outputs which in fact act as input to the ﬁvecrease vertex B to fully determine the output. Hence, the assembly
has only one DOF. According to the truss method, this pattern
contains j = 11 nodes and b = 26 bars. The result s = 0 and m = 1
ensures that this pattern is nonoverconstrained with one DOF.
Similarly, the pattern in Figs. 9(b)–9(d ) is nonoverconstrained
with one DOF.
The pattern in Fig. 9( f ) is the type 3 basic assembly represented
N
by the diagram in Fig. 9(g). Giving angles φN
2 and φ5 can determine
the motion of vertex N and produce an input φL1 = φN
1 to vertex
L. By introducing φL5 , the motion of vertex L can be determined.
So, the dihedral angles of vertices N and L can be derived from
L
N N
N
N
N N
N
N
N N
N
φN
1 = φ1 = f1 (φ2 , φ5 ), φ3 = f3 (φ2 , φ5 ), φ4 = f4 (φ2 , φ5 ),
N
L
L
L N
N
L
L
L N
N
L
φL2 = f2L (φN
2 , φ5 , φ5 ), φ3 = f3 (φ2 , φ5 , φ5 ), φ4 = f4 (φ2 , φ5 , φ5 )

vertex-splitting on rows and columns, correspondingly. Therefore,
the number of all the cases including the mix of the two methods
and the original one is (5 + 1) × (15 + 1) = 96. The corresponding
patterns are shown in Appendix C, whose DOF can be determined
by six types of one-DOF basic assemblies discussed next.
Type 1 one-DOF basic assemblies are consisted of four-crease
vertices, such as the crease patterns shown in Figs. 8(a)–8(f ).
They are overconstrained with one DOF under the plane-symmetric

(12)
The two four-crease vertices H and M can give the following
relationships:
N L
N
N L
φN
2 = f2 (φ5 ) and φ5 = f5 (φ2 )

(13)

Combining Eqs. (12) and (13), all the dihedral angles of this
pattern can be derived by giving φL5 . Hence, this pattern is

Fig. 8 Type 1 one-DOF basic assemblies of four-crease vertices: (a)–( f ) the basic assemblies of fourcrease vertices and (g) their corresponding diagram where S4R represents a spherical 4R linkage

Fig. 9 Basic assemblies of four-crease and ﬁve-crease vertices. (a)–(d) Type 2 one-DOF basic
assemblies with one ﬁve-crease vertex and (e) their corresponding diagram; (f ) type 3
one-DOF basic assembly with two ﬁve-crease vertices and (g) its corresponding diagram. Here,
S5R represents a spherical 5R linkage.

031014-4 / Vol. 11, JUNE 2019

Transactions of the ASME

Downloaded From: https://mechanismsrobotics.asmedigitalcollection.asme.org on 04/12/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use

Fig. 10 Basic assemblies of four-crease and six-crease vertices. (a)–(e) Type 4 one-DOF basic assemblies
with three creases connecting the six-crease vertex and four-crease vertices and ( f ) their corresponding
diagram; (g)–(i) type 5 one-DOF basic assemblies with four creases connecting the six-crease vertex and
four-crease vertices and ( j) their corresponding diagram. Here, S6R represents a spherical 6R linkage.

nonoverconstrained with one DOF, which is veriﬁed by the truss
method.
Type 4 one-DOF basic assemblies are consisted of four-crease and
six-crease vertices, such as the patterns shown in Figs. 10(a)–10(e).
This type of assemblies can be represented by the diagram in
Fig. 10(f ), where one-DOF assembly connects a spherical 6R
linkage (six-crease vertex) by three creases. For the patterns in
A
Figs. 10(a)–10(c), giving one input φA
3 , dihedral angles φ4 and
φA
5 can be derived from the one-DOF assembly of four-crease vertices B, C, D, E, and F. The three angles can determine the motion
G
G
of vertex A. Similarly, three inputs φG
5 , φ6 , and φ1 from one-DOF
assembly of vertices H, L, M, and N in Figs. 10(d) and 10(e) can
determine the motion of vertex G. So, those patterns are nonoverconstrained with one DOF, which are conﬁrmed by the truss

method. Besides, type 5 and type 6 one-DOF basic assemblies
are shown in Figs. 10(g)–10(i) and 11, respectively. They are nonoverconstrained with one DOF with the veriﬁcation of the truss
method.
These six types of one-DOF basic assemblies in Figs. 8–11 can
be connected by sharing creases to form large tessellations. When

Fig. 11 Type 6 one-DOF basic assembly of four-crease, ﬁvecrease, and six-crease vertices: (a) the basic assembly and
(b) its corresponding diagram

Fig. 12 One-DOF origami patterns veriﬁed by one-DOF basic
assemblies: (a) the ﬂat-foldable origami pattern and (b) the
nonﬂat-foldable origami pattern
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4 Conclusion
This paper presents a vertex-splitting technique to reduce the
DOF of the diamond origami pattern and construct one-DOF
origami patterns. Two vertex-splitting schemes are proposed from
the diamond vertex, and three types of unit patterns are generated.
The kinematic analysis indicates that the three patterns are equivalent to the diamond vertex with symmetric folding. By applying
vertex-splitting to the multivertex diamond origami pattern, a
large number of rigid origami patterns are constructed. Six types
of one-DOF basic assemblies are discussed, which ensure the
one-DOF cases of those origami patterns. Among them, two
one-DOF origami patterns mixed with four-crease, six-crease,
and/or ﬁve-crease vertices are discussed, one of which is ﬂatfoldable and the other is nonﬂat-foldable. They maintain the kinematic motion characteristics of the diamond origami pattern with
symmetric folding. Meanwhile, the vertex-splitting technique can
be applied to other multi-DOF origami patterns, such as waterbomb
and Resch patterns. The one-DOF basic assemblies form a new rule
in the one-DOF determination in complex origami patterns.
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Nomenclature
Fig. 13 Motion sequences of rigid origami: (a) the ﬂat-foldable
origami pattern, (b) the nonﬂat-foldable origami pattern derived
from splitting vertices, and (c) the multivertex diamond origami
pattern in symmetric folding

the motion compatibility is satisﬁed at the connection, the tessellation will be one-DOF. Therefore, 42 of 96 cases in Appendix C and
Table 1 are of one-DOF, such as the two patterns in Fig. 12. The
remaining patterns are of multiple DOF, due to their one-DOF
basic assemblies cannot provide enough constraints to determine
the motion of all the vertices.
For example, the pattern in Fig. 12(a) derived by splitting vertices
with SI1,3 and SII0 has type 5 one-DOF basic assembly of vertices A3,
C2, B5, B4, C1. The basic assembly and four-crease vertices C4 and
C5 construct a one-DOF assembly of vertices A3, C2, B5, B4, C1,
C4, C5 and connect to six-crease vertex A6 by three creases. According to the type 4 one-DOF basic assembly in Fig. 10(f ), the motion of
vertex A6 can be determined. Hence, this pattern can be considered as
the combination of four-crease vertices B1 and B2 and type 5, type 6
one-DOF basic assemblies. It is one-DOF with ﬂat-foldability, whose
motion sequence is shown in Fig. 13(a). Similarly, the rigid origami
pattern in Fig. 12(b) is one DOF, as it can be regarded as the combination of four-crease vertex C6, type 1, type 2, and type 6 one-DOF
basic assemblies. Its motion sequence is shown in Fig. 13(b). Due to
the ﬁve-crease vertex, this pattern is nonﬂat-foldable. As two
one-DOF patterns can be considered as the assembly of diamond
vertex and patterns DI, DII, and DI-II, they will retain the equivalent
motion with all vertices in symmetric folding. Hence, they are kinematically equivalent to the original diamond origami pattern with
symmetric folding shown in Fig. 13(c).
Here, only the fundamental tessellation with six diamond vertices
was discussed. Such method can be extended to the diamond pattern
with more vertices. As these basic assemblies are nonoverconstrained except the one in Fig. 8, the one-DOF property of the patterns is preserved even with the variation of their geometric
parameters. Hence, the basic assemblies should be considered as
a set of rules to construct one-DOF patterns by splitting vertices,
which can be applied to waterbomb, Resch, or other multi-DOF
origami patterns.
031014-6 / Vol. 11, JUNE 2019

ai, bi, ci, di, ei, fi, gi, hi, li = creases of origami patterns or
joints of linkages
zi = the coordinate axis of the crease i
in origami or the revolute joint i in
a linkage, where i = 1, 2, 3, …
A, B, C, D,E, F, G, H, L, = the origami vertices and their
corresponding spherical linkages;
M, N, O, Q,R, S, T, Ai, Bi,
Ci, Di, Ei, Fi, Gi, Hi, Li
superscripts for the corresponding
linkages
αi(i+1) = the twist of the link i(i + 1)
θi = the angle of rotation between two
panels joined by a crease or the
revolute joint i
φi = the dihedral angle between two
panels joined by a crease or the
revolute joint i

Appendix A: Matrix Method
For a part of a spatial closed loop linkage with revolute joints and
zero offsets, the D–H notations [24] are shown in Fig. 14. The
matrix transforming the ith coordinate system to the i + 1th coordinate system can be assembled as

Fig. 14 A part of a spatial loop linkage with only rotational
joints
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⎡

cos θi
⎢ sin θi
T (i+1)i = ⎢
⎣ 0
0

− cos αi(i+1) sin θi
cos αi(i+1) cos θi
sin αi(i+1)
0

The inverse transformation can be expressed as
⎡

cos θi
⎢ − cos αi(i+1) sin θi
−1
T i(i+1) = T (i+1)i = ⎢
⎣ sin αi(i+1) sin θi
0

sin θi
cos αi(i+1) cos θi
− sin αi(i+1) cos θi
0

For a single closed loop linkage consisting of n links, the product
of the transform matrices is equal to the 4 × 4 unit matrix, which is
the closure equation of the linkage
T 21 T 32 · · · T n(n−1) T 1n = I4

sin αi(i+1) sin θi
− sin αi(i+1) cos θi
cos αi(i+1)
0

⎤
ai(i+1) cos θi
ai(i+1) sin θi ⎥
⎥
⎦
0
1

0
sin αi(i+1)
cos αi(i+1)
0

⎤
−ai(i+1)
0 ⎥
⎥
0 ⎦
1

(A1)

(A2)

Appendix B: Truss Method [35] on Pattern DI-II
For a truss consisting of b bars and j joints, the equilibrium equations are obtained as

(A3)

At = f

(B1)

Due to the axes of revolute joints in spherical linkage meeting at a
point, the lengths of each link ai(i+1) are zero. Thus, Eq. (A3)
reduces to

where A is the 3j × b equilibrium matrix, t is a b × 1 vector of bar
axial forces, and f is a 3j × 1 vector of node forces. Here, the truss
does not have external forces, i.e., f = 0. Hence, Eq. (B1) becomes

Q21 Q32 · · · Qn(n−1) Q1n = I3

At = 0

(A4)

(B2)

If r is the rank of the matrix A, the number of self-stresses is

where
⎡

cos θi
Q(i+1)i = ⎣ sin θi
0

− cos αi(i+1) sin θi
cos αi(i+1) cos θi
sin αi(i+1)

⎤
sin αi(i+1) sin θi
− sin αi(i+1) cos θi ⎦ (A5)
cos αi(i+1)

and
⎡

⎤
cos θi
sin θi
0
−1
Qi(i+1) = Q(i+1)i = ⎣ − cos αi(i+1) sin θi cos αi(i+1) cos θi sin αi(i+1) ⎦
sin αi(i+1) sin θi − sin αi(i+1) cos θi cos αi(i+1)
(A6)
For the diamond vertex with line- and plane-symmetric conditions, θ1 = θ4 and θ2 = θ3 = θ5 = θ6; Eq. (A4) with n = 6 can be
rewritten as
Q21 Q32 Q43 = Q61 Q56 Q45

(A7)

Supposing that B = Q21Q32Q43 − Q61Q56Q45, where B is a 3 × 3
matrix. Then, we can obtain
tan

θ1
θ2
= − cos α tan
2
2

s=b−r

(B3)

and the number of mobility is
m = 3j − 6 − r

(B4)

For pattern DI-II, we ﬁrst trim the edge facets to triangular or
quadrilateral shapes, as shown in Fig. 15(a). The pattern is then converted to a truss form by replacing creases with bars and vertices by
nodes. For triangular facets, three bars will make a facet rigid; for
quadrilateral facets, an arbitrary point out of the facets can be introduced to generate the truss form, such as the facet GHV5V4 in
Fig. 15(a) to tetrahedrons M2GHV4 and M2 HV4 V5 in Fig. 15(b).
By counting, the truss form of pattern DI-II in Fig. 15(b) contains
◦
j = 17 nodes and b = 45 bars. When taking α = 45° and φG
2 = 120 in
pattern DI-II, the coordinate of nodes can be obtained as expressed
in Eq. (B5) in a Cartesian coordinate system noted in Fig. 15(b).
The equilibrium matrix of pattern DI-II can be established according to [37]. Then, we obtain the rank of the matrix as r = 44. The
numbers of self-stresses and mobility in pattern DI-II are s = 1

(A8)

from the equations B(1, 2) = 0 and B(1, 3) = 0. Here, B(1, 2) and
B(1, 3) are the two elements of the matrix B as
B(1, 2) = 2( cos θ2 − 1)( cos2 α − 1)( sin θ1 + cos θ2 sin θ1
− cos2 α sin θ1 + cos2 α cos θ2 sin θ1
+ 2 cos α cos θ1 sin θ2 )

(A9a)

and
B(1, 3) = sin α sin θ2 ( cos θ1 cos θ2 − cos α sin θ1 sin θ2 )
− sin α cos θ2 ( cos θ1 sin θ2 (2 cos2 α − 1)
− 2 cos α sin θ1 ( cos2 α − 1) + cos α cos θ2 sin θ1 (2 cos2 α − 1))
− 2 sin α sin θ2 ( cos θ2 + cos2 α − cos2 α cos θ2 )
+ cos α sin α( sin θ1 − 2 cos2 α sin θ1 + 2 cos2 α cos θ2 sin θ1
+ 2 cos α cos θ1 sin θ2 )
(A9b)
Journal of Mechanisms and Robotics

Fig. 15 Pattern DI-II. (a) Pattern DI-II with the edge facets
trimmed to triangular or quadrilateral shapes and (b) the corresponding truss form. Here, the origin of the Cartesian coordinate
system is the node G, the z-axis is along the direction of the bar
GH, the x-axis is perpendicular to the z-axis on the plane GHV5V4
and the y-axis is determined by the right-hand rule.

JUNE 2019, Vol. 11 / 031014-7

Downloaded From: https://mechanismsrobotics.asmedigitalcollection.asme.org on 04/12/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use

and m = 1 derived from Eqs. (B3) and (B4). Hence, pattern DI-II is
overconstrained with one DOF
F = [−18.51640200, 7.55928946, 0]T , G = [0, 0, 0]T , H = [0, 0, 30]T
L = [−18.51640200, 7.55928946, 30]T
M 1 = [2.99482507, 60.25081951, − 19.17794444]T
M 2 = [35.35533906, − 35.35533906, 0]T
M 3 = [−14.01357621, 18.58891502, 88.86421410]T
M 4 = [−68.51379857, 7.04905881, 0]T
M 5 = [−7.17746781, 35.33389245, 10]T

V 1 = [−43.77021561, 32.30287243, −35.35533906]T
V 2 = [−5.50937557, 39.41986727, − 39.02107927]T
V 3 = [13.00702642, 31.86057781, − 39.02107927]T
V 4 = [35.35533906, 0, − 35.35533906]T
V 5 = [35.35533906, 0, 65.35533906]T
V 6 = [13.00702642, 31.86057781, 69.02107927]T
V 7 = [−5.50937557, 39.41986727, 69.02107927]T
V 8 = [−43.77021561, 32.30287243, 65.35533906]T

(B5)

Fig. 16 Cases of vertex-splitting on the diamond origami pattern with six vertices

031014-8 / Vol. 11, JUNE 2019

Transactions of the ASME

Downloaded From: https://mechanismsrobotics.asmedigitalcollection.asme.org on 04/12/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use

Appendix C: Cases of Vertex-Splitting on the Diamond
Origami Pattern

of them are one-DOF and the others are multi-DOF, as shown in
Fig. 16.

By splitting the vertices in the multivertex diamond origami
pattern in Fig. 7, we obtain 96 cases of patterns, where 42 cases

Fig. 16 Continued
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Fig. 16 Continued
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Fig. 16 Continued
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