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a b s t r a c t 

Statically balanced compliant mechanisms (SBCMs) have found applications in various en- 

gineering fields owning to their monolithic design and zero actuation force. Here in this 

paper we proposed a new SBCM system composed of a thin-walled bellow coaxially placed 

with a balancer inspired by the bendy straw. Theoretical models for both components were 

developed to predict the evolution of deformation and strain energy, which were then ver- 

ified through numerical simulation and experiment. Furthermore, the effect of geometric 

parameters on the behavior of the balancer was studied, from which the key parameters 

that respectively determined the curve shape and magnitude of the strain energy were ob- 

tained. A case study indicated that by optimizing the geometry of the balancer, the com- 

pliant system achieved a nearly zero actuation force that was only 3.62% of the maximum 

force of the stand-alone bellow. 

© 2021 Elsevier Ltd. All rights reserved. 

 

 

 

 

 

 

 

 

1. Introduction 

Statically balanced compliant mechanisms (SBCMs) are compliant mechanisms where the strain energy has been com- 

pensated to keep the elastic strain energy constant during motion [1] . With the exquisite design of the mechanism, an SBCM

can not only reserve the advantages of monolithic design characteristic of compliant mechanisms [ 2 , 3 , 4 , 5 ], but also achieve

energy-free motion and zero stiffness behavior, as well as lower actuation force, accurate force transmission and high-fidelity 

force feedback [ 6 , 7 ]. As a result, SBCMs have found applications in various engineering fields, ranging from medical devices

such as laparoscopic graspers [ 8 , 9 , 10 ] and ophthalmic surgical forceps [11] , to micro-electro-mechanical systems [ 12 , 13 ]. 

In 20 0 0, Herder and van den Berg first proposed the concept of SBCM and studied a pair of novel partially-compliant sur-

gical forceps adopting planar rolling mechanisms with coil springs [14] . To ensure a state of static balance of a mechanism,

constant potential energy, continuous equilibrium, neutral stability and zero stiffness, zero virtual work, and zero natural fre- 

quency and constant speed are five equi valent necessary conditions [ 15 , 16 , 17 ]. The theoretical analysis framework of planar

SBCMs is mainly based on the pseudo-rigid-body model proposed by Howell and Midha [ 18 , 19 ], in which the entire system

can be simplified into a few rigid bodies connected by flexure joints where deformation and strain energy mainly occur. 

Then the strain energy of an planar SBCM can be estimated as the summation of that of all the joints, making the design

and analysis convenient and reasonably accurate. In addition to planar compliant mechanisms, spatial ones have also been 
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Fig. 1. (a) A bellow composed of five units in the perspective view; (b) geometry of a unit of the bellow in the sectional view. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

extensively studied. For instance, Howell proposed a series of spatial lamina emergent mechanisms (LEMs) [ 20 , 21 , 22 ], for

which the pseudo-rigid-body model is also applicable. Furthermore, compliant shell mechanisms, which can be generated 

from hyperbolic paraboloids with pre-introduced curvature, curved corrugated shells, or doubly corrugated shells [ 23 , 24 , 25 ],

have also been utilized to create SBCMs [26] . Two nonlinear characterization methods, i.e., RasT (Rotational as equivalent 

Translational compliance) approach and TasR (Translational as equivalent Rotational compliance) approach, were developed 

to compare the rotational and translational compliances within and between compliant shell mechanisms [27] . Isogeometric 

analysis [28] and finite element analysis [29] were also used to model compliant shell mechanisms. 

With the aim of improving stabilization and repeatability of thin-walled cylinders during axial tension and compression, 

corrugations have been introduced on the surface of the cylinder to form a bellow. Besides, the presence of corrugations also

provides excellent reconfigurability, as well as symmetric and uniform deformation [ 30 , 31 ]. Therefore, the bellow structures 

are utilized in a wide range of applications, from everyday use such as rectangular accordion bellows [32] , footed air bump

for filling balloons [33] and fluid or heat transmission pipelines [34] , to a variety of soft robots [ 35 , 36 ]. Recently, a bellow-

shaped oil bladder has also been adopted in the buoyancy engine of underwater gliders. The buoyancy engine is essentially 

a hydraulic system, which changes the buoyancy of the glider by controlling the accurate liquid volume in the oil bladder

so as to achieve real-time glider position adjusting [ 37 , 38 ]. When in operation, the buoyancy engine needs to overcome

the axial stiffness of the bellow-shaped oil bladder, leading to not only increased energy consumption but also reduced 

operating precision. This problem can potentially be tackled by introducing the concept of SBCM, i.e., designing a compliant 

shell balancer to form an SBCM with the bellow so as to achieve zero actuation force during deformation. However, such an

SBCM is difficult to design mainly because, first of all, the geometric configuration of the balancer is unknown, and secondly,

the deformation of the SBCM is globally distributed and nonlinear which requires a simple theoretical approach to model. 

In this paper, we design and study a new SBCM system which is composed of a bellow and a straw-inspired balancer

positioned coaxially to achieve static balance thus zero axial force, by means of developing theoretical models for both 

components based on structural mechanics [ 39 , 40 , 41 ]. The layout of the paper is listed as follows. Section 2 presents the

geometry of the bellow and the theoretical analysis of its deformation and strain energy during compression. In Section 3 ,

a straw-inspired balancer is designed to satisfy the criteria of static balancing. Theoretical derivation of the strain energy 

during tension and a parametric study is also conducted in this section, offering guidance to select design parameters for 

the balancer. Subsequently, the theoretical models and the new SBCM design are verified through finite element modeling 

and experiment in Section 4 . Finally discussion and conclusion are included in Section 5 which ends the paper. 

2. Geometry and strain energy of the bellow 

2.1. Geometry 

The bellow, as shown in Fig. 1 (a), is composed of a series of interconnected conical frustums with identical geometry.

A unit of the bellow as shown in Fig. 1 (b) can be described by its outer radius R 1 , slant angle α1 , height h 1 , and shell

thickness t 1 . In addition, the regions where two frustums are connected are filleted by a chamfer circle of radius r f1 . Those

parameters, together with the number of units in the axial direction N completely define the geometry of the bellow. Then 

its inner radius r 1 can be obtained as 
r 1 = R 1 − 2 r f1 ( 1 − cos α1 ) − ( 0 . 5 h 1 − 2 r f1 cos α1 ) cot α1 (1) 

2 
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Fig. 2. Theoretical analysis of the bellow: (a) cutting of a slender beam from a unit of the bellow; (b) boundary condition and force analysis of the beam; 

and (c) force analysis of a beam segment. 

 

 

 

 

 

 

 

 

 

 

2.2. Theoretical analysis of strain energy 

When a bellow is axially compressed, global deformation occurs not only around the hinge-like areas where neighboring 

frustums are connected but also in the straight shells. The strain energy of the bellow consists of two parts, bending strain

energy and hoop strain energy. To calculate the strain energy of the bellow, three basic assumptions are made. First, the

deformation of all the units are identical. Therefore, the total energy of the bellow is the summation of that of each unit.

Second, the deformation of one unit is symmetric about its axis. Consequently, the unit can be evenly discretized into a

series of slender curved beams along its circumferential direction, as shown in Fig. 2 (a), and the total energy of the unit can

be obtained as that of one beam multiplied by the number of beams n . Finally, the material is assumed to be linear elastic.

First, consider a single beam AE as shown in Fig. 2 (b) with the central angle ϕ n as follows. 

ϕ n = 

2 π

n 

(2) 

Points B and D are respectively the middle point of AC and CE. For the convenience of subsequent calculation, a Cartesian

coordinate system oxy is created, in which o is the midpoint between points B and D, and x axis passes through point C. 

Upon compression of the bellow, beam AE is deflected, and the deflection differential equation based on the Euler beam 

model can be obtained as follows [ 39 , 40 ]: 

E I 

(
dθ

ds 
+ 

v 
r 2 

)
= E I 

(
d 2 v 
d s 2 

+ 

v 
r 2 

)
= M A + F A ( x A − x ) + G A ( y A − y ) (3) 

du 

ds 
− v 

r 
= 

F A · cos α + G A · sin α

EA 

+ 

M A + F A ( x A − x ) + G A ( y A − y ) 

EAr 
(4) 

Here x A and y A are the Cartesian coordinates of the starting point A. At an arbitrary point on the beam with coordinates

x and y , r is the radius of curvature of the central axis of the beam, α is the slant angle, θ is the rotation angle, u, v are

the displacements along and perpendicular to the central axis of the beam, respectively, and s is the arc length from the

arbitrary point to the starting point A according to 

d s = 

√ 

1 + ( d x/d y ) 
2 

dy ; s = 

y 

∫ 
0 . 5 h 1 

√ 

1 + ( dx/dy ) 
2 

dy. (5) 
3 
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And the total length of the beam L is 

L = 

−0 . 5 h 1 ∫ 
0 . 5 h 1 

√ 

1 + ( d x/d y ) 
2 

dy (6) 

F A , G A and M A are respectively the vertical force, horizontal force, and moment at point A, also shown in Fig. 2 (b). E is

the Young’s modulus of the material, I is the moment of inertia, and A is the cross-sectional area. 

Theoretically, the cross section of the beam has a sector profile. However, when n is sufficiently large, it can be ap-

proximated to a rectangular profile with side lengths ρϕ n and t 1 . Therefore, the A and I of any point on the beam can be

calculated as follows. 

A = ρϕ n t 1 (7) 

I = 

ρϕ n t 1 
3 

12 

(8) 

in which ρ = −x + 0 . 5( R 1 + r 1 ) . 

Having obtained the equilibrium equation, we then consider the boundary conditions. Since all the units deform identi- 

cally, points A and E which are located on the plane of symmetry between neighboring units should have zero change in

rotation angle, and the horizontal force G A should also be zero, i.e., 

s = 0 , dθ = 0 ; s = L, dθ = 0 ; G A = 0 . (9) 

Moreover, due to the symmetry of the geometry and loading condition, point C should have zero change in rotation 

angle, i.e., 

s = 0 . 5 L, dθ = 0 . (10) 

A further investigation reveals that the boundary conditions above are not sufficient to obtain one unique solution of 

Eqs. (3) and (4) . We then assume that points B and D have zero displacement along the x axis. We shall prove the validity

of this assumption later in the paper. Thus, the following boundary conditions are added. 

s = 0 . 25 L, dx = 0 ; s = 0 . 75 L, dx = 0 . (11)

Substituting Eqs. (5) - (11) into the deflection differential Eqs. (3) and (4) , the beam is found to be statically indeterminate

with one unknown moment M A . For a given F A , M A can be solved by applying the boundary conditions on the beam, and

then the deformation of the beam can be achieved. However, it is rather difficult to solve the differential equations explicitly

due to two reasons. First, the beam is geometrically complicated with both curves and straight segments. Second, A and I

varies along the beam. Therefore, we adopted a numerical approach to solve the theoretical governing equation. We first 

further discretize the beam into m rigidly connected piecewise segments of equal length l. 

l = 

L 

m 

(12) 

Here we define the segment i as bounded by points P i -1 and P i , see Fig. 2 (b). Since each segment is short, it can be

approximated as a straight beam with the radius of curvature r = + ∞ . Then the deflection differential Eqs. (3) and (4) are

simplified into 

E I 
dθ

ds 
= E I 

d 2 v 
d s 2 

= M A + F A ( x A − x ) (13) 

du 

ds 
= 

F A cos α

EA 

(14) 

Under exterior loads F A and M A acted on the end of the beam, segment i as shown in Fig. 2 (c) can be considered as

a cantilever beam with point P i -1 being fixed and point P i being loaded by vertical force F i and moment M i which are

calculated by Eqn. (15) . Then, the deflection w P i 
and the rotation angle θP i 

at point P i can be obtained from Eqs. (16) and

(17) . 

F i = F A ; M i = M A + F A ( x A − x i ) (15) 

w P i = 

F i · sin αi · l 3 

3 E I i 
+ 

M i · l 2 

2 E I i 
(16) 

θP i = 

F i · sin αi · l 2 

2 E I i 
+ 

M i · l 

E I i 
(17) 

in which I i can be considered as uniform along the segment and calculated based on the cross section in the middle point

of the segment using Eq. (8) . 
4 
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Fig. 3. (a) The theoretical strain energy and compression force versus compression displacement curves of the bellow; (b) sectional profiles of a single unit 

under compression. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

To obtain the deformation of the entire beam, we start from segment 1 bounded by points P 0 (A) and P 1 . Using the

boundary condition at point A, the deflection and rotation angle of point P 1 can be deduced from Eqs. (16) and (17) . Fol-

lowing the same procedure, the deformation of all the other segments can be successively obtained. Again, since the beam 

is statically indeterminate, M A should be determined based on F A and boundary conditions. 

Finally, since Eqs. (16) - (17) are only valid for small deflection, when a large deformation is required from the bellow, the

exterior load F A should be gradually increased to make sure the deflection at each load increment is small. 

When the deformed configuration of the beam is obtained, the bending strain energy of a unit of the bellow can also be

calculated as follows. 

U 1 = n ∫ [ M A + F A ( x A − x ) ] 
2 

2 EI 
d s = n 

m ∑ 

i =1 

M i 
2 

2 E I i 
l (18) 

Besides bending deformation, radial displacement of the bellow walls along the ρ axis also occurs accompanied by bend- 

ing, thereby causing hoop strain in the circumferential direction. To account for the hoop strain energy, we define ρ0 as the

initial distance between an arbitrary point on the wall and the axis of the bellow and ρ ′ as the distance after deformation.

For the very short segment i , the distance ρi 0 and ρ′ 
i 

can be considered as uniform along the segment and determined based

on the middle point of the segment. Thus the hoop strain and corresponding strain energy of a unit of the bellow can be

calculated as 

ε 1 i = 

(
ρ ′ 

i 

ρi 0 

− 1 

)
(19) 

U 2 = nE 

∫ 
ε 1 

2 2 πρt 1 
2 

d s = nE 

m ∑ 

i =1 

(
ε 1 i 

2 2 πρi t 1 
2 

)
l (20) 

Therefore, the total strain energy the bellow U can be obtained as 

U = N( U 1 + U 2 ) (21) 

Consider a typical bellow-shaped oil bladder with the following geometric parameters: R 1 = 74 . 46 mm , r 1 = 52 . 86 mm ,

α1 = 32 ◦, r f1 = 1 . 20 mm , h 1 = 25 mm , t 1 = 1 . 20 mm , and N = 5 . The material adopted is thermal plastic polyurethane (TPU)

with density ρ = 1820 kg / m 

3 , Young’s modulus E = 40 MPa and Poisson’s Ratio ν = 0 . 45 . Applying an axial displacement of

50 mm to the oil bladder, the theoretical (THE) strain energy and compression force versus compression displacement curves 

are calculated and drawn in Fig. 3 (a). In the calculation, n and m are respectively selected to be 500 and 120. Moreover, the

sectional profiles of a single unit compressed by 0 mm, 2.5 mm, 5.0 mm, 7.5 mm and 10.0 mm are also derived and shown

in Fig. 3 (b). 

3. Design and strain energy of the balancer 

3.1. Design 

To achieve zero actuation force during the deformation of the bellow, we introduce a cylindrical shell balancer to be 

placed coaxially and outside of the bellow, thereby building an SBCM system. For the bellow considered in Section 2.2 ,

a desired SBCM should have constant strain energy as shown in Fig. 4 , from which the strain energy curve shape of the

balancer can be deduced. Note that the magnitude of the strain energy of the SBCM system can vary, leading to different
5 
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Fig. 4. Strain energy versus compression displacement curve of the bellow, and the corresponding desired strain energy curves of the SBCM system and 

the balancer. 

Fig. 5. (a) A balancer composed of five units in the perspective view; (b) geometry of a unit of the balancer in the sectional view; (c) boundary condition 

and force analysis of a slender curved beam cut from a unit of the balancer. 

 

 

 

 

 

 

 

 

strain energy curves of the balancer. The lowest strain energy of the SBCM system that can be achieved is equal to the

maximum energy of the bellow, see the solid black line in Fig. 4 . 

Inspired by the bendy straw [ 42 , 43 ], a balancer generally in the form of a compressed straw as shown in Fig. 5 (a) is

designed. The balancer is also composed of a series of conical frustums, but more complicated compared with those of the

bellow. The sectional profile of a unit of the balancer, as shown in Fig. 5 (b), comprises of a quarter-circle AB, a straight

line BC, a semi-circle CD, and a cubic polynomial curve DE. Moreover, the continuity condition is enforced at all the joining

points. Furthermore, rigid rings are introduced at the exterior (points A, E) and interior (point F) cross sections of the

balancer to keep its maximum and minimum radii unchanged. 

The geometry of a unit of the balancer can be completely defined by six parameters, i.e. the outer and inner radii

R 2 and r 2 , slant angle α2 , radius of curvature of the quarter-circle AB and the semi-circle CD r f2 , unit height h 2 , and shell

thickness t . 
2 

6 
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Defining a local Cartesian coordinate system oxy , in which x axis passes through point A and y axis passes through point

F, the cubic polynomial DE can be expressed as 

y = a 1 x 
3 + a 2 x 

2 + a 3 x + a 4 (22) 

in which a 1 , a 2 , a 3 and a 4 are polynomial coefficients determined from the continuity condition at both ends D and E. 

x D = r f2 sin α2 + r f2 (23) 

y D = −( R 2 − r 2 + 2 r f2 sin α2 − r f2 ) tan α2 − 3 r f2 cos α2 (24) 

( dy / dx ) D = tan α2 (25) 

x E = R 2 − r 2 (26) 

y E = −h 2 (27) 

( dy / dx ) E = − cot α2 (28) 

Then the coefficients can be derived by solving the following equation set. ⎡ 

⎢ ⎣ 

x D 
3 x D 

2 

3 x D 
2 2 x D 

x D 1 

1 0 

x E 
3 x E 

2 

3 x E 
2 2 x E 

x E 1 

1 0 

⎤ 

⎥ ⎦ 

⎡ 

⎢ ⎣ 

a 1 
a 2 
a 3 
a 4 

⎤ 

⎥ ⎦ 

= 

⎡ 

⎢ ⎣ 

y D 
( d y/d x ) D 

y E 
( d y/d x ) E 

⎤ 

⎥ ⎦ 

(29) 

Considering the wall thickness of the balancer, interference of the curved surface should be avoided by checking the 

shortest distance between the straight line BC and the polynomial curve DE d min > t 2 , as shown in Fig. 5 (b). 

3.2. Strain energy 

Similar to the bellow, the strain energy of the balancer is the summation of bending strain energy and hoop strain

energy. Adopting the same three basic assumptions and discretization method as in the case of the bellow, the strain energy

under tension for the balancer can also be derived by analyzing one slender curved beam as shown in Fig. 5 (c). Here the

boundary conditions of the beam are set as: points A, F, and E have zero displacement along the x axis and zero rotation,

and point E has zero displacement along the y axis, thus 

Point A : dx = 0 , dθ = 0 . (30) 

Point F : dx = 0 , dθ = 0 . (31) 

Point E : dx = 0 , dθ = 0 , dy = 0 . (32) 

In addition, the beam length L and moment of inertial I can be calculated as 

L = 

−h 2 ∫ 
0 

√ 

1 + 

(
dx 

dy 

)2 

dy (33) 

I = 

ρϕ n t 2 
3 

12 

= 

( x + r 2 ) ϕ n t 2 
3 

12 

(34) 

Starting from point A, the governing equation for segment i of the beam bounded by P i -1 and P i can be expressed as 

G i = G A ; F i = F A ; M i = M A + F A ( x A − x i ) + G A ( y A − y i ) . (35) 

w P i = 

( F i sin αi + G i cos αi ) l 
3 

3 E I i 
+ 

M i · l 2 

2 E I i 
(35) 

θP i = 

( F i sin αi + G i cos αi ) l 
2 

2 E I i 
+ 

M i · l 

E I i 
(37) 

After solving Eqs. (35) - (37) , the total strain energy of the balancer, also composed of bending strain energy and hoop

strain energy, can be calculated from Eqs. (18) - (21) . 

Using the theoretical model, we can design the balancer to match the desired strain energy and force curve in Fig. 4 . It

has been mentioned in Section 3.1 that six parameters R 2 , r 2 , α2 , h 2 , r f2 and t 2 completely define the geometry of a unit of

the balancer. In the design, r 2 can be practically selected as the minimum value that guarantees no interference between 

bellow and balancer. Moreover, r has little effect on the performance of the balancer, and thus can be chosen to be identical
f2 

7 
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Fig. 6. (a) Desired and theoretical strain energy and tensile force versus tension displacement curves of the balancer; (b) sectional profiles of a single unit 

under tension. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

to r f1 for convenience. To simplify the design process, we specify that: the balancer and the bellow have the same number

of units; the inner radius of the balancer r 2 = R 1 + 2 mm = 76 . 46 mm ; the radius of curve r f2 = r f1 = 1 . 2 mm ; the width of

the corrugated wall of the balancer R 2 − r 2 , is equal to that of the bellow R 1 − r 1 , and therefore R 2 = 96 . 06 mm ; the balancer

and the bellow use the same material. Therefore, the behavior of the balancer upon tension are determined by α2 , h 2 and

t 2 . By varying those parameters, it is found that a balancer with h 2 = 7 . 98 mm , α2 = 26 ◦, and t 2 = 0 . 95 mm generates strain

energy and force curves that match well the desired ones as shown in Fig. 6 (a). It can be seen that to match the objective

curve shape, the balancer needs to be prestressed, by 11.5 mm in this case. The reason is that the desired tensile force

curve, corresponding to the desired strain energy of the SBCM system with any magnitude, starts from a non-zero force 

and shows negative stiffness throughout. This cannot be achieved by a balancer that is stable initially with zero force and

energy. Therefore, when assembled with the bellow to form a SBCM, the balancer is first tensioned by 11.5 mm and then

connected with the bellow. The work range of the balancer is between 11.5 mm and 61.5 mm, also 50 mm to match that of

the bellow. The deformation process of a unit of the balancer is shown in Fig. 6 (b). 

3.3. Effects of geometric parameters 

It has been shown in Section 3.2 that α2 , h 2 and t 2 mainly determine the strain energy of the balancer. To investigate the

effect of those parameters, 55 models, with varying α2 from 16 ° to 36 ° at an interval of 5 °, h 2 from 8 mm to 12 mm at an

interval of 1 mm, and t 2 from 0.8 mm to 1.2 mm at an interval of 0.2 mm, are analyzed theoretically. All the models have

identical R 2 = 96 . 06 mm , r 2 = 76 . 46 mm , and r f2 = 1 . 2 mm . The geometric parameters of the models are listed in Table 1 ,

in which the notation h 2 − α2 − t 2 is adopted. 

While all the models deform in a similar manner, the strain energy versus tension displacement curves are found to 

fall into three different shapes, i.e., the degressive shape in which the tangent of the curve reduces with displacement, the

quasi-linear shape in which the strain energy increases nearly linearly against displacement with the R-square in Curve 

Fitting Tools smaller than 0.45, and the progressive shape in which the tangent of the curve increases with displacement. 

The curve shapes of all the models are also compiled in Table 1 , and representative curves in each shape are drawn in

Fig. 7 (a). 

A careful examination of the results reveals that models with identical α2 and h 2 have the same curve shape irrespective 

of t 2 , indicating that the curve shape is decided only by the slant angle and unit height. To further clarify the effects of those

two parameters, the curve shapes of all the models with t 2 = 1.0 mm are compiled in Table 2 . Two trends can be observed

from the table. First, α2 is the main factor in forming the degressive curve shape. Within the range of study, an α2 of 16 °
leads to progressive curves only, while that of 36 ° results in degressive ones only. Second, when α2 is fixed, an increase

in h 2 causes the transition from degressive to progressive, see the models with α2 = 26 ◦ Therefore, a relatively large slant

angle combined with a relatively small unit height help to create a degressive curve so as to balance the bellow. 

Furthermore, when a degressive curve is obtained, the maximum strain energy is found to increase roughly linearly with 

the cubic power of shell thickness t 2 , which is clearly shown in Fig. 7 (b). The reason is that during deformation of the

balancer, shear energy is neglected due to the adoption of Euler beam model, and bending energy is much larger than hoop

strain energy. As a result, the total strain energy has an approximately cubic relationship with t 2 . This also explains why the

curve shape is independent of wall thickness. 

According to the parametric analysis, the desired balancer for a prerequisite bellow can be designed by the following 

three steps: (1) calculate the strain energy curve of the bellow, from which that of the balancer can be obtained; (2) deter-
8 
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Table 1 

Geometries of the balancer and strain energy curve shape. 

Model h 2 (mm) α2 ( °) t 2 (mm) Shape 

8–16–0.8 8 16 0.8 Degressive 

8–16–1.0 8 16 1.0 Progressive 

8–16–1.2 8 16 1.2 Progressive 

8–21–0.8 8 21 0.8 Quasi-linear 

8–21–1.0 8 21 1.0 Quasi-linear 

8–21–1.2 8 21 1.2 Quasi-linear 

8–26–0.8 8 26 0.8 Degressive 

8–26–1.0 8 26 1.0 Degressive 

8–26–1.2 8 26 1.2 Degressive 

8–31–0.8 8 31 0.8 Degressive 

8–31–1.0 8 31 1.0 Degressive 

8–31–1.2 8 31 1.2 Degressive 

8–36–0.8 8 36 0.8 Degressive 

8–36–1.0 8 36 1.0 Degressive 

8–36–1.2 8 36 1.2 Degressive 

9–16–1.0 9 16 1.0 Progressive 

9–21–1.0 9 21 1.0 Progressive 

9–26–1.0 9 26 1.0 Quasi-linear 

9–31–1.0 9 31 1.0 Degressive 

9–36–1.0 9 36 1.0 Degressive 

10–16–0.8 10 16 0.8 Progressive 

10–16–1.0 10 16 1.0 Progressive 

10–16–1.2 10 16 1.2 Progressive 

10–21–0.8 10 21 0.8 Progressive 

10–21–1.0 10 21 1.0 Progressive 

10–21–1.2 10 21 1.2 Progressive 

10–26–0.8 10 26 0.8 Quasi-linear 

10–26–1.0 10 26 1.0 Quasi-linear 

10–26–1.2 10 26 1.2 Quasi-linear 

10–31–0.8 10 31 0.8 Degressive 

10–31–1.0 10 31 1.0 Degressive 

10–31–1.2 10 31 1.2 Degressive 

10–36–0.8 10 36 0.8 Degressive 

10–36–1.0 10 36 1.0 Degressive 

10–36–1.2 10 36 1.2 Degressive 

11–16–1.0 11 16 1.0 Progressive 

11–21–1.0 11 21 1.0 Progressive 

11–26–1.0 11 26 1.0 Quasi-linear 

11–31–1.0 11 31 1.0 Degressive 

11–36–1.0 11 36 1.0 Degressive 

12–16–0.8 12 16 0.8 Progressive 

12–16–1.0 12 16 1.0 Progressive 

12–16–1.2 12 16 1.2 Progressive 

12–21–0.8 12 21 0.8 Progressive 

12–21–1.0 12 21 1.0 Progressive 

12–21–1.2 12 21 1.2 Progressive 

12–26–0.8 12 26 0.8 Progressive 

12–26–1.0 12 26 1.0 Progressive 

12–26–1.2 12 26 1.2 Progressive 

12–31–0.8 12 31 0.8 Quasi-linear 

12–31–1.0 12 31 1.0 Quasi-linear 

12–31–1.2 12 31 1.2 Quasi-linear 

12–36–0.8 12 36 0.8 Degressive 

12–36–1.0 12 36 1.0 Degressive 

12–36–1.2 12 36 1.2 Degressive 

Table 2 

Relationship between slant angle, unit height and energy curve shape. 

h 2 / α2 8mm 9mm 10mm 11mm 12mm 

16 ° Progressive Progressive Progressive Progressive Progressive 

21 ° Quasi-linear Progressive Progressive Progressive Progressive 

26 ° Degressive Quasi-linear Quasi-linear Quasi-linear Progressive 

31 ° Degressive Degressive Degressive Degressive Quasi-linear 

36 ° Degressive Degressive Degressive Degressive Degressive 
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Fig. 7. (a) Strain energy versus tensile displacement curves of models 8–26–1.0, 10–26–1.0, and 12–26–1.0 with degressive, quasi-linear, and progressive 

curves, and fitted straight line for 10–26–1.0; (b) relationship between maximum strain energy and the cubic power of shell thickness for models 8–26–

0.8/1.0/1.2, 8–31–0.8/1.0/1.2, 8–36–0.8/1.0/1.2,10–31–0.8/1.0/1.2,10–36–0.8/1.0/1.2, and12–36–0.8/1.0/1.2. 

Fig. 8. Numerical models of (a) the bellow, (b) the balancer in sectional view, and (c) the SBCM system in sectional view. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

mine the slant angle and unit height to get the desired degressive energy curve shape; and (3) adjust the wall thickness to

fit the magnitude of the desired strain energy. 

4. Verification of the SBCM system 

4.1. Finite element modeling 

To verify the theoretical design approach of the SBCM system, numerical models of the bellow, the balancer, and the 

SBCM system were built and analyzed with commercial software package Abaqus/Explicit. 

The bellow adopted the same geometric and material parameters as listed in Section 2.2 , and each end was extended by

a short cylinder of 12.5 mm in height, as shown in Fig. 8 (a). The axial compression process was modelled as the structure

standing on a stationary rigid panel and a mobile rigid panel moving downward to press it. The upper and lower ends of the

bellow were respectively tied to the mobile and stationary panels. All the degrees of freedom (DOFs) of the stationary panel

were fixed, whereas only the translational DOF of the mobile one in the axial direction was free of constraint. A prescribed

displacement of 50 mm was assigned to the free translational DOF of the mobile panel to control the compression distance.

The bellow was meshed with S4R, a four-node shell element with reduced integration. Self-contact was employed to model 

the contact among different parts of the bellow. Friction was taken into consideration and the friction coefficient was taken 

as 0.30. 

The balancer also had the same design parameters with the one theoretically studied in Section 3.2 , and extended cylin-

ders of 24.25 mm and 30 mm were also added at both ends of the bellow and balancer as shown in Fig. 8 (b). In addition,

a series of rigid rings highlighted in red were tied at the exterior and interior cross sections of the balancer to keep its

maximum and minimum radii unchanged, thereby satisfying the boundary conditions Eqs. (30) - (32) in the theoretical anal- 

ysis. The axial tension process was simulated using the same setup as that for the bellow, except for that the mobile panel

moved away from the fixed one instead of toward it. Moreover, the same S4R mesh, self-contact, and friction as in the case

of the bellow were also adopted. 

To assemble the SBCM system, the bellow was compressed by 50 mm and the balancer was tensioned by 11.5 mm to

reach the same height. Subsequently, the two components were placed coaxially as shown in Fig. 8 (c), and the two ends

of the components were respectively tied to two rigid panels. Then the SBCM system was axially tensioned as a whole by

50 mm, and the strain energy and force were extracted and recorded. 

Finally, convergence tests in terms of mesh density and analysis time were also conducted, from which an element size 

of 1 mm and an analysis time of 0.5 s were determined suitable and adopted in the analysis. 
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Fig. 9. (a) Numerical deformation process of the bellow; (b) numerical and theoretical deformed sectional profiles of the below; and (c) numerical and 

theoretical strain energy and compression force versus compression displacement curves of the bellow. 

 

 

 

 

 

 

 

 

 

 

 

 

 

4.2. The bellow 

The deformation process of the bellow with corresponding logarithmic strain (LE) contour maps is presented in 

Fig. 9 (a). During compression, all the units of the bellow are deformed simultaneously. At the beginning, the convex hinge-

like regions are gradually pushed outwards radially while the concave ones move inwards, keeping the shells in between 

straight up to a displacement of 24.85 mm. Under further compression, the inward and outward motion of the hinge-like 

regions are decreased, accompanied by a slight bending of the initially straight shells, which is more clearly seen in the

sectional profile of the middle unit represented by blue lines in Fig. 9 (b). Moreover, the midpoint B of line AC and the mid-

point D of line CE in Fig. 3 (b) are found to moved mainly vertically with negligible horizontal movement, indicating that

the boundary conditions Eq. (11) in the theoretical analysis is valid. 

The theoretical deformed profiles of the middle unit of the bellow represented by the red dotted lines are calculated and

compared with the corresponding numerical ones at the displacements of 12.13 mm, 24.85 mm, 38.25 mm and 50 mm in

Fig. 9 (b), from which a good match can be observed. Furthermore, the strain energy and compression force versus com-

pression displacement curves in Fig. 9 (c) indicate that a good agreement between the theoretical and numerical results is 

obtained with the largest difference below 2.67%. Therefore, the derived theoretical model for the bellow can accurately 

describe its deformation process. 

4.3. The balancer 

The deformed configurations of the balancer at various stages of tension together with the logarithmic strain contour 

maps are shown in Fig. 10 (a). Similar to the bellow, the deformation of all the five units of the balancer is synchronized.

Fig. 10 (b) compares the theoretically derived deformed sectional profiles of the middle unit with the corresponding nu- 

merical ones. Again, a good match between theoretical and numerical results is obtained. Moreover, it is observed that the 

straight shell is almost undeformed due to the rigid rings at the convex and concave hinge-like regions, whereas the shell

with polynomial profile is bent to accumulate strain energy. 

The theoretical strain energy and tensile force for the balancer are also calculated and compared with those of the nu-

merical model in Fig. 10 (c). It is found that the theoretical strain energy is in good agreement with the numerical one, with

the largest deviation being 4.57%. The slightly lower theoretical value is probably due to the fact that only axial bending and

circumferential tension/compression are accounted for in the theoretical analysis, while circumferential bending is ignored. 

With respect to force, the discrepancy is relatively large at the beginning, indicating that ignoring the circumferential bend- 

ing has a larger effect on the force. But the two force curves converge quickly with displacement and achieve a reasonably

well overall agreement. Therefore, the theorical model for the balancer can also capture its tensile behavior. 
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Fig. 10. (a) Numerical deformation process of the balancer; (b) numerical and theoretical deformed sectional profiles of the balancer; and (c) numerical 

and theoretical strain energy and tensile force versus tensile displacement curves of the balancer. 

Fig. 11. (a) Deformation process of the SBCM system; (b) desired and numerical strain energy versus tensile displacement of the system, and (c) desired 

and numerical reaction force versus tensile displacement of the system. 

 

 

 

 

4.4. The SBCM system 

Finally, the assembled SBCM system is analyzed. The deformation process under tension is shown in Fig. 11 (a) and the

associated strain energy and force versus displacement curve are presented in Fig. 11 (b) and (c). Despite the small discrep-

ancy between the theoretical and numerical results for the two components, a tiny reaction force with the largest value of

0.97 N, or only 3.62% of the maximum reaction force of the bellow, is achieved for the SBCM system. To this point, we can
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Fig. 12. (a)The SBCM components; (b) experimental setup; (c) deformation process of the bellow; (d) deformation process of the system; (e) experimental 

and theoretical compression force versus displacement curves of the bellow; (f) tensile force versus displacement curve of the system. 

 

 

 

 

 

 

safely draw the conclusion that the proposed design approach and associated theoretical framework can effectively generate 

an SBCM system with nearly zero reaction force. 

4.5. Fabrication and experiment 

A prototype of the SBCM system as shown in Fig. 12 (a) was fabricated out of thermoplastic polyurethanes (TPU) using 3D

printing technology and tested. The geometry of the bellow was: R 1 = 74 . 46 mm , r 1 = 52 . 86 mm , α1 = 32 ◦, r f1 = 1 . 40 mm ,

h 1 = 25 mm , t 1 = 1 . 70 mm , and N = 5 . And the geometry of the balancer was: R 2 = 96 . 06 mm , r 1 = 76 . 46 mm , α2 = 34 ◦,

r f2 = 1 . 40 mm , h 2 = 9 mm , t 2 = 1 . 20 mm , and N = 5 . Moreover, steel rings were placed at the exterior and interior edges of

the balancer to keep its maximum and minimum radii unchanged. To form the SBCM system, the bellow was compressed 

by 50 mm and the balancer was tensioned by 30 mm, and then the two were joined by plastic caps with circular grooves

of 20 mm in depth. The designed statically balanced deformation range was 40 mm. 

Quasi-static compression of the stand-alone bellow and tension of the SBCM system were conducted on an Instron Uni- 

versal Testing Machine (type 5982) at a loading speed of 5 mm/min, see Fig. 12 (b). In the tests, the ends of the specimen

were respectively connected to two acrylic plates. The tests were recorded by a standard digital camera (Canon 70D). 
13 
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The deformation processes of the bellow and the SBCM system are respectively shown in Fig. 12 (c-d), and the corre-

sponding force versus displacement curves are drawn in Fig. 12 (e-f). It can be seen that the bellow deforms in a reasonably

synchronized manner except for the small range near the end of the loading process. As a result, the force curve shape

matches the theoretically derived one quite well, suggesting the accuracy of the theoretical model for bellow. Regarding 

the SBCM system, the deformation of the units of the balancer is less simultaneous. A careful examination of the specimen

reveals that the balancer has inaccurate geometry especially near the curved interior and exterior edges, mainly owing to 

its initial folded configuration. The wall thickness of those edges is found to show noticeable divergence between 1.54 mm 

and 1.96 mm. Unidentical wall thickness leads to unsynchronized deformation of the units, which in turn causes deviation 

from the theoretical force. Despite that, the reaction force of the SBCM system is reduced to ±30% of that of the bellow be-

tween the displacement of 9.6 mm and 38.5 mm, or 72.3% of the designed statically balanced deformation range. Therefore, 

it is reckoned that the proposed design approach is reasonably effective to create SBCM systems. However, finding a more 

accurate fabrication approach, or a way to print the balancer from an extended state, is essential for the SBCM system to

achieved expected performance. 

5. Discussion and conclusion 

5.1. Discussion 

It has been demonstrated in Section 4 that the proposed design performs quite well as a statically balanced compliant 

mechanism with nearly constant strain energy and zero force. Here in this section several key points are further elaborated. 

First, two main assumptions were made in the derivation of the theoretical model. One is that all the units deform

simultaneously. The other is that only the longitudinal bending strain energy and circumferential hoop strain energy are 

considered, while shear strain energy and circumferential bending energy are ignored. Numerical models of both the bellow 

and balancer in Fig. 11 (a) show that during deformation all of the units are well synchronized. In the experiment, the syn-

chronization is less satisfactory as seen in Fig. 12 (c-d), mainly due to geometric imperfection. However, the resultant force

is still significantly reduced in comparison with a stand-alone bellow, indicating the validity of the deformation assumption. 

With more refined fabrication approach such as molding, the geometric accuracy and therefore the deformation synchro- 

nization will be further improved, leading to better performance of the SBCM system. Regarding energy assumption, it is 

found from the numerical results that the summation of shear strain energy and circumferential bending energy accounts 

for 2.87% of the total energy of the bellow and 2.01% of that of the balancer. Therefore, the energy assumption is also valid.

Second, rigid rings were applied on the balancer to keep the maximum and minimum radii unchanged. The reason is 

that we learned from preliminary design and analysis of the balancer that without the rings, it was difficult to obtained

the requested energy curve shape. Fig. 13 (a) shows comparison of two balancers with and without rigid rings, which had

identical geometry and material with that in Section 3.2 . It can be seen that the one without ring is unable to generate a

degressive curve shape. 

Third, when searching for the balancer to pair with the below in Section 3.2 , we put some restraints on the geometric

parameters of the balancer to reduce the design variables from six to three, for the sake of simplifying the design pro-

cess. In fact, those restraints are not compulsory. We also tried varying all the six parameters in the hope of finding a

better fitted solution. The results, noted as strain energy (MOD) and force (MOD), are plotted in Fig. 13 (b) together with

the results in Section 3.2 . The geometric parameters of the modified balancer are: outer radius R 2 = 76 . 46 mm ; inner radius

r 2 = 100 . 66 mm , radius of curve r f2 = 1 . 60 mm , height h 2 = 9 . 00 mm , slant angle α2 = 26 ◦, and thickness t 2 = 0 . 93 mm . De-

spite the significantly increased complexity, the improvement seems quite marginal. Certainly finding the optimum balancer 

design is an open question. From the engineering point of view, nevertheless, the proposed approach in Section 3.2 can

conveniently generate designs that are practically usable. 

Fourth, we considered the proposed models in Sections 2.2 and 3.2 theoretical models because we analyzed the deforma- 

tion feature of the structure, made corresponding assumptions, and obtained governing equations and boundary conditions. 

To solve the equations, nevertheless, requires numerical approaches including discretization and iteration due to the compli- 

cated geometry. Compared with a purely numerical method such as FEA, the theoretical model can quickly generate a large 

number of strain energy curves by inputting a small number of geometric and material parameters, thereby avoiding the 

relatively tedious numerical model building process. This would greatly facilitate search of the optimum geometry of the 

balancer. In addition, it can also give a deeper insight into the deformation mechanism of the structure and the key design

parameters. For instance, we have found from the theoretical model that the curve shape of the balancer is independent of

wall thickness, while the total strain energy has a cubic relationship with it. 

Fifth, straight loading in the longitudinal direction of the SBCM system was considered in the study. In practical appli-

cation, however, the loading may be less ideal, e.g., the loading plate could be inclined instead of perfectly horizontal. To

investigate the effects of oblique loading, the SBCM system was tensioned by plates with inclination angle of 1 °−5 °, and the

corresponding strain energy curves are drawn in Fig. 13 (c). It can be seen that as the inclination angle increases, the strain

energy deviates quickly from constant energy. A further analysis of the result indicates that the deviation is mainly caused 

by the balancer. As can be seen in Fig. 13 (d), when the inclination angle reaches 5 °, the curve shape of the balancer is no

longer digressive. Therefore, for the SBCM to achieve optimal performance, the load should be as straight in the longitudinal 

direction as possible. 
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Fig. 13. (a) Strain energy of the balancers with and without rings; (b) theoretical strain energy versus tensile displacement of the modified balancer; (c) 

numerical strain energy versus tensile displacement of the SBCM by plates with inclination angles of 0 °−5 °; (d) numerical strain energy versus tension 

displacement curves of the balancer by horizontal plate and plate with an inclination angle of 5 °. 

 

 

 

 

 

Finally, while being able to achieve a nearly zero reaction force, the current SBCM design is formed by two components,

the bellow and the balancer, thereby raising the question whether both can be integrated into a single part. In fact, a single

part with zero force is an ideal mechanism. Under the current design framework, it is not likely to achieve this in a single

structure by re-designing the geometry of the bellow or the balancer. 

5.2. Conclusion 

In conclusion, we have designed a statically balanced compliant system composed of an inner bellow and an outer bal- 

ancer, which are arranged coaxially to achieve nearly zero actuation force during axial deformation. A theoretical model 

has been established to calculate the strain energy of the bellow when axially compressed. Based on that, a straw-inspired

balancer composed of straight, circular, and cubic polynomial segments has been proposed, and the associated strain energy 

during tension has been derived theoretically. A parametric analysis has also been carried out for the balancer, which reveals 

that the slant angle and unit height mainly affect the shape of the strain energy curve while shell thickness determines the

magnitude of the energy. Finally, numerical model and physical prototype of a statically balanced compliant mechanism 

have been built and analyzed to demonstrate the effectiveness of the proposed design approach, from which a nearly zero 

reaction force accounting for only 3.62% of that of the bellow has been achieved. 

In the future, specimens made with more accurate fabrication approaches such as molding will be constructed and tested. 

Moreover, the SBCM system will be further modified to achieve robust performance when subjected to non-ideal loading. 
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