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A B S T R A C T   

Deployable polyhedrons, especially transformable polyhedrons, are mathematically interesting 
yet kinematically challenging. This paper presents a synthesis method for constructing a group of 
origami polyhedrons with synchronized radial motion and deployable transformability. First, an 
origami-synchronized mechanism with a threefold-symmetric motion feature is proposed by 
integrating a spatial 9R linkage and three pairs of spherical 4R linkages. Subsequently, by 
embedding the proposed origami-synchronized mechanism cells into the surface of Archimedean 
polyhedrons, three one-DOF transformable polyhedral mechanisms with distinct symmetries are 
constructed, the corresponding prototypes are fabricated to verify their kinematic properties. 
Further, referring to the dimensional shortening operations, structural variations of origami 
polyhedrons with mechanism topology isomorphism are demonstrated to realise various poly-
hedral transformations with different volumetric deployable ratios. The newly found kinematic 
strategy and construction method can be readily extended to other polyhedron groups with po-
tential applications in the fields such as deployable structures for aerospace exploration and ar-
chitecture, as well as unit cells for mechanical metamaterials.   

1. Introduction 

Nowadays, origami is no longer limited to a folk art. With the rapid development of origami engineering in this century [1], many 
origami-inspired foldable structures have been widely adopted in the fields of aerospace devices [2], civil engineering [3], robotics [4], 
metamaterials [5] and so on. Rigid origami, as a branch of origami, paves the way for the widespread engineering applications of 
origami structures due to the advantage of folding rigid materials without any deformation [6]. In mechanism theory, the sheets and 
creases of rigid origami can be modeled as equivalent rigid links and revolute joints [7], respectively, where an origami vertex at the 
intersection of creases is regarded as a spherical linkage [8]. Thus, a rigid origami pattern with a series of predetermined origami 
vertices is kinematically equivalent to an assembly of spherical linkages [9]. Many known origami patterns have been investigated 
with mechanism kinematics to reveal their specific folding characteristics, e.g., Miura pattern [10], square-twist pattern [5], diamond 
pattern [11] and waterbomb pattern [12]. Apart from the mentioned two-dimensional (2D) typical patterns that can be folded and 
unfolded flat, several three-dimensional (3D) origami structures have been proposed with novel crease patterns, including origami 
tubes, cartons and cubes. Inspired by the cylindrical origami tubes devised by Tachi [13], Liu et al. [14] presented a family of origami 
prismatic structures by solving the compatibility of the assembly of spherical 4R linkages, and Chen et al. [15] provided a more flexible 
design for origami tubular structures by combining several tubes with parallelogram or kite cross sections. In addition, Wu and You 

* Corresponding author. 
E-mail address: yan_chen@tju.edu.cn (Y. Chen).  

Contents lists available at ScienceDirect 

Mechanism and Machine Theory 

journal homepage: www.elsevier.com/locate/mechmt 

https://doi.org/10.1016/j.mechmachtheory.2023.105293 
Received 8 December 2022; Received in revised form 3 February 2023; Accepted 12 February 2023   

mailto:yan_chen@tju.edu.cn
www.sciencedirect.com/science/journal/0094114X
https://www.elsevier.com/locate/mechmt
https://doi.org/10.1016/j.mechmachtheory.2023.105293
https://doi.org/10.1016/j.mechmachtheory.2023.105293
http://crossmark.crossref.org/dialog/?doi=10.1016/j.mechmachtheory.2023.105293&domain=pdf
https://doi.org/10.1016/j.mechmachtheory.2023.105293


Mechanism and Machine Theory 184 (2023) 105293

2

[16] presented a new solution for rigid and flat foldable tall bags without considering the top surface. Wei and Dai [8] investigated the 
geometry and kinematics of equivalent mechanisms evolved from a crash-lock origami carton. Gu and Chen [17] proposed a new 
approach for constructing rigid origami boxes with various geometry and shapes. Further, Gu and Chen [18] developed a total of four 
crease patterns that enable origami cubes with rigid and flat foldability and a single degree of freedom. Zhang et al. [19] invented a 
tristable cuboid by introducing origami and kirigami techniques and designing specific elastic joints. Yet, there is little work on how to 
construct deployable polyhedrons using the origami mechanism, especially transformable polyhedrons, which are not only interesting 
in solid geometry of mathematics but also challenging in the kinematics of mechanism science. 

Deployable polyhedral mechanisms (DPMs) are generally constructed by embedding linkages and their mobile chains into vertices, 
faces and edges of regular convex polyhedrons. After the Jitterbug transformers reported by Verheyen [20], an expandable octahedron 
named “Heureka-polyhedron” was exhibited by using 2-DOF joints as connectors [21]. Meanwhile, Fulleroid [22] and Fulleroid-like 
DPMs [23] have attracted great interest from kinematicians and engineers [24]. By using spatial overconstrained linkages as the 
construction elements, Yang et al. [25–27] presented a novel kinematic method to accomplish three one-DOF transformations between 
Platonic and Archimedean solids; Wang and Kong [28] proposed a series of loop-coupled polyhedral mechanisms by connecting 
orthogonal Bricard linkages via spherical joints. Apart from the above investigations, several DPMs with radially reciprocating motion 
have been constructed by integrating the kinematic units with straight-line motion. Agrawal et al. [29] set up the prismatic joints along 
polyhedral edges to design the radially expanding polyhedrons that preserve the exterior shape during deployment. A shape-keeping 
toy known as Hoberman Sphere [30] was produced by integrating Sarrus linkages and planar kinematic chains. Li et al. [31] presented 
a class of reconfigurable deployable Platonic mechanisms based on reconfigurable angulated elements at the edges, which can switch 
between two kinds of radially deployable polyhedrons. Similarly, a family of one-DOF expandable polyhedrons with radial motion 
were built in [32–35] by implanting polygonal planar assemblies into the faces of Platonic polyhedrons. Wohlhart [36] presented a 
star-cube polyhedral mechanism that can radially transform from a star-like tetrahedron to a cubic form, and then to the dual form of 
the original star-like tetrahedron. Note that an interesting toy named Hoberman’s switch-pitch ball [37] has the same kinematic 
structure as the star-cube mechanism except for the additional gears [38]. Similarly, various transformable polyhedrons have been 
constructed in [39–42] to mechanically transform the cyclic polyhedrons into their corresponding dual forms. Furthermore, Wei et al. 
[43–45] proposed a kinematic strategy to synthesize and construct a group of regular and semi-regular DPMs that are capable of 
one-DOF radially reciprocating motion by introducing symmetric spatial eight-bar linkage that was first reported in [23]. Based on the 
overconstrained spatial eight-bar linkage with a Sarrus-like linear motion, a group of the Fulleroid-like radial DPMs were proposed in 

Fig. 1. Three paired Archimedean polyhedrons. (a) Truncated tetratetrahedron and truncated tetrahedron; (b) truncated cuboctahedron and 
truncated cube; (c) truncated icosidodecahedron and truncated dodecahedron. Their volumetric expansion ratios are 4.17, 3.07, and 2.43, 
respectively. 
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[24,46]. Thus, it can be found that most one-DOF DPMs were constructed by spatial mechanisms or their combinations with planar 
kinematic chains. 

The objective of this paper is to construct the origami DPMs with one-DOF radial motion and achieve paired polyhedral trans-
formations among Archimedean polyhedrons. For this purpose, three paired polyhedrons are identified in Fig. 1 and each of them 
possesses the same polyhedral symmetry, which are tetrahedral symmetry (Td), octahedral symmetry (Oh) and icosahedral symmetry 
(Ih), respectively. In each deployed polyhedron, any hexagon yellow facet is surrounded by three cyan squares and three blue polygons 
alternately, in which each vertex is intersected by three different facets. For instance, to transform a truncated cuboctahedron to a 
truncated cube as given in Fig. 1(b), the identical octagonal faces in blue move radially toward the centroid during the transformation 
whilst the faces in other colors are folded. To solve this interesting mathematical issue with mechanism kinematic strategy, this paper 
proposes a synthesis method for constructing a family of one-DOF origami DPMs. A novel origami-synchronized mechanism with 
threefold-symmetric motion characteristics is constructed in Section 2 by integrating a spatial 9R linkage and three pairs of spherical 
4R (S4R) linkages. Second, Section 3 presents the synthesis of three one-DOF radial origami polyhedrons by properly embedding 
origami-synchronized mechanism cells into the surface of polyhedrons, as well as the structural variations with mechanism topology 
isomorphism by introducing the shortening operations. Finally, the main findings of the research are summarized in Section 4, which 
ends the paper. 

Fig. 2. (a) A cell of the truncated cuboctahedron illustrated in red line area; (b) a crease pattern with the connection of nine sheets p1 to p9; (c) D-H 
coordinate frames of its corresponding spatial 9R linkage. 
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2. Construction and kinematics of an origami-synchronized mechanism 

As aforementioned, take the truncated cuboctahedron in Fig. 2(a) as an example, to realize the transformation illustrated in Fig. 1 
(b), the blue facets move synchronously and radially with respect to the polyhedral centroid while the facets in cyan and yellow are 
folded. The highlighted red line area in Fig. 2(a) is adopted as a cell of the truncated cuboctahedron, which is centered on a yellow facet 
and has a threefold-symmetric facet arrangement. A crease pattern is identified in Fig. 2(b) by removing the yellow facet and 
embedding three valley creases into three cyan sheets, respectively. Thus, sheets p1 to p9 are connected sequentially that delivers a 
spatial 9R linkage, where solid lines between two adjacent sheets denote mountain creases and dashed lines stand for valley creases. 

The kinematic analysis of this spatial 9R linkage can be carried out based on the D-H matrix method [47] given in Appendix A, in 
which its D-H coordinate frames are established in Fig. 2(c). There exists z2//z3//z4, z5//z6//z7 and z8//z9//z1 based on the poly-
hedral geometry, and the D-H parameters of the spatial 9R linkage can be obtained as. 

α12 = α45 = α78 = β, α23 = α34 = α56 = α67 = α89 = α91 = 0
a12 = a45 = a78 = 0, a23 = a34 = a56 = a67 = a89 = a91 = a/2
R1 = R4 = R7 = − R, R2 = R5 = R8 = R,R3 = R6 = R9 = 0

(1)  

where link length a/2 represents the half of polyhedral edge length, and β can be determined by the corresponding polyhedral ge-
ometry. 

The closure Eq. (A1) given in Appendix A can be rewritten as 

T21T32T43 = T91T89T78T67T56T45 (2) 

Substituting the above D-H parameters into this closure Eq. (2) and referring to the relations between dihedral angles and kinematic 
joint angles (Appendix A), the kinematic relations of dihedral angles φi in spatial 9R linkage can be derived as 

cos(φ5 − φ6 +φ7) =
cosβ

1 + cosβ
(3a)  

sin(φ2 − φ3) = sin(φ5 − φ6 +φ7 − φ4) (3b)  

cos(φ2 − φ3) = cos(φ5 − φ6 +φ7 − φ4) (3c)  

cos(φ2) − cos(φ2 − φ3) = cos(φ7) − cos(φ7 − φ6) (3d) 

Adjusting the order of the transformation matrix in the closure equation, 

T54T65T76 = T34T23T12T91T89T78 (4)  

drives the corresponding kinematic relationships 

cos(φ8 − φ9 +φ1) =
cosβ

1 + cosβ
(5a)  

sin(φ5 − φ6) = sin(φ8 − φ9 +φ1 − φ7) (5b)  

cos(φ5 − φ6) = cos(φ8 − φ9 +φ1 − φ7) (5c)  

cos(φ5) − cos(φ5 − φ6) = cos(φ1) − cos(φ1 − φ9) (5d) 

And, taking a similar matrix operation, 

T87T98T19 = T67T56T45T34T23T12 (6)  

yields 

cos(φ2 − φ3 +φ4) =
cosβ

1 + cosβ
(7a)  

sin(φ8 − φ9) = sin(φ2 − φ3 +φ4 − φ1) (7b)  

cos(φ8 − φ9) = cos(φ2 − φ3 +φ4 − φ1) (7c)  

cos(φ8) − cos(φ8 − φ9) = cos(φ4) − cos(φ4 − φ3) (7d) 

Hence, the associated dihedral angles in this spatial 9R linkage can be identified as 

φ2 − φ3 + φ4 = φ5 − φ6 + φ7 = φ8 − φ9 + φ1 = arccos
(

cosβ
1 + cosβ

)

(8) 

Y. Gu and Y. Chen                                                                                                                                                                                                    



Mechanism and Machine Theory 184 (2023) 105293

5

If three independent dihedral angles, e.g., φ2, φ3 and φ5, are given as the kinematic inputs, the rest of dihedral angles can be 
determined by Eqs. (3), (5), (7) and (8), hence this spatial 9R linkage has three DOFs, which is consistent with the calculation result of 
Grübler-Kutzbach formula [48]. 

In addition, referring to Fig. 2(c), φ10 is a virtual dihedral angle between platforms P1 and P4, so do φ11 between P4 and P7, and φ12 
between P7 and P1, there exists further relations that 

φ10 = φ2 − φ3 + φ4, φ11 = φ5 − φ6 + φ7, φ12 = φ8 − φ9 + φ1 (9) 

Combining Eq. (8) and Eq. (9) yields 

φ10 = φ11 = φ12 = arccos
(

cosβ
1 + cosβ

)

(10)  

which reveals that the spatial angles between any two platforms are identical in each folding configuration of the proposed spatial 9R 
linkage even though it is 3-DOF. 

To achieve one-DOF synchronized radial motion, extra motion constraints are needed. Here, two additional sheets are introduced 
to form a spherical 4R linkage at vertex A to constrain the motion between p1 and p9. Meanwhile, the same operation is applied to 
vertices B to F, which forms a modified crease pattern as given in Fig. 3(a). Take two paired S4R linkages A and B sharing a common 
crease AB as the example, as shown in Fig. 3(b), to obtain an associated symmetric motion between sheets p2 and p9, the symmetrically 
identical design parameters of two S4R linkages are set as 

α12 = (β+ 180∘)/2, α23 + α34 = 120∘, α41 = 90∘ (11)  

in which α12 is associated with polyhedral geometry, while α23 and α34 are the variable design parameters. 
Substituting Eq. (11) into the closure Eq. (A4) in Appendix A, the kinematic relationships of dihedral angles ϕi

1 to ϕi
4 in S4R linkages 

Fig. 3. (a) A modified crease pattern by introducing six four-crease vertices A to F; (b) D-H coordinate frames of the paired spherical 4R linkages A 
and B; (c) the synthesized origami mechanism based on the modified pattern. 
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A and B are 

cosϕi
1

(
sinα12cosα23 − cosα12sinα23cosϕi

2

)
+ sinα23sinϕi

1sinϕi
2 − cos(120∘ − α23) = 0 (12a)  

sin(120∘ − α23)sinϕi
3 = sinϕi

1cosϕi
2 + cosα12cosϕi

1sinϕi
2 (12b)  

sin(120∘ − α23)cosϕi
4 = cosα12cosα23 + sinα12sinα23cosϕi

2 (12c)  

where i = A, B. 
Meanwhile, the inverse kinematics of the S4R linkages can be revealed to avoid physical interference during the entire folding. The 

range of dihedral angle ϕi
1 can be obtained based on polyhedral geometry, thus the minimum of design parameter α23 can be derived 

from Eq. (12) when ϕi
2 = 0, as 

sin(α12 − α23min)cosϕi
1 − cos(120∘ − α23min) = 0 (13)  

when ϕi
4 = 0, the maximum of α23 can be calculated with 

sinα12sin(α23max − 30∘)cosϕi
1 + cosα12cos(α23max − 30∘) − cos(α23max) = 0 (14) 

Together with the above deduction and the structural geometry of polyhedrons given in Fig. (1), the configuration parameters and 
design parameters are listed in Table 1. 

Further, the adjacent S4R linkages A and B share a common revolute joint, referring to Fig. 3(b), i.e., 

ϕA
2 = ϕB

2 (15)  

thus, 

ϕA
j = ϕB

j ( j= 1, 2, 3, 4) (16) 

Therefore, the associated symmetric motion between sheets p2 and p9 in the paired S4R linkages is realized and is not affected by 
geometric parameters. 

Similarly, the above geometric parameters and kinematic relationships can be readily applied to the paired S4R linkages C and D, as 

Table 1 
Configuration parameters and design parameters of the four-crease vertex.  

The paired polyhedrons ϕi
1d(deployed state) ϕi

1f(folded state) β α12 α23min α23max 

Truncated tetratetrahedron and truncated tetrahedron 125.26◦ 35.26◦ 60◦ 120◦ 69.23◦ 78.53◦

Truncated cuboctahedron and truncated cube 135◦ 45◦ 90◦ 135◦ 69.90◦ 87.56◦

Truncated icosidodecahedron and truncated dodecahedron 148.28◦ 58.28◦ 108◦ 144◦ 61.42◦ 94.22◦

Fig. 4. Input-output curves of dihedral angles in the origami-synchronized mechanism with β = 90∘,α12 = 135∘, α23min = 69.90∘ and i = A, B,…, F.  
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well as E and F, as illustrated in the synthesized origami mechanism in Fig. 3(c), thus the further assembly conditions can be expressed 
as 

ϕA
j = ϕB

j , ϕC
j = ϕD

j ,ϕE
j = ϕF

j ( j= 1, 2, 3, 4) (17) 

So far, considering the common panels and joints in Fig. 3(c) among the spatial 9R linkage and six S4R linkages A to F, we can 
establish the transmission relationships in the entire origami mechanism, 

φ1 = ϕA
1 , φ2 = ϕB

1 , φ4 = ϕC
1 ,φ5 = ϕD

1 ,φ7 = ϕE
1 ,φ8 = ϕF

1 (18) 

Referring to Eqs. (17) and (18), we have 

φ1 = φ2, φ4 = φ5,φ7 = φ8 (19) 

Subsequently, for the spatial 9R linkage, substituting Eq. (19) into kinematic relationships obtained in Eqs. (3), (5) and (7) yields 

φ1 = φ2 = φ4 = φ5 = φ7 = φ8 (20a)  

φ3 = φ6 = φ9 = 2φ1 − arccos
(

cosβ
1 + cosβ

)

(20b)  

for S4R linkages A to F, 

ϕA
j = ϕB

j = ϕC
j = ϕD

j = ϕE
j = ϕF

j ( j= 1, 2, 3, 4) (21) 

Further, by assigning that β = 90∘, α12 = 135∘ and α23min = 69.90∘ in the case of truncated cuboctahedron as given in Table 1, the 
input-output curves of the dihedral angles in the entire origami-synchronized mechanism are illustrated in Fig. 4. In the unfolded 
process, φi in the spatial 9R linkage are linearly dependent, for the six S4R linkages, besides ϕi

1 = φ1, ϕi
2 increases from 0◦ to 125.26◦, 

ϕi
3 is from 67.16◦ to 180◦, ϕi

4 is from 56.71◦ to 144.74◦ where i = A, B,…, F. 
From the above analysis, it can be found that if φ1 is given as the only one kinematic input, the rest of dihedral angles in the entire 

Fig. 5. Folding process of the origami-synchronized mechanism, from (a) the deployed configuration, via two intermediate configurations in (b) and 
(c), to (d) the folded configuration. 
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origami mechanism can be determined. Meanwhile, the synchronized radial motion of this origami mechanism is revealed and proved 
by means of the direction and position vectors, which can be found in Appendix B. Hence, as illustrated in Fig. 5, this origami 
mechanism performs a one-DOF threefold-symmetric synchronized radial motion. Note that, based on the kinematic equivalence, the 
double-spherical Bennett 6R linkage can also be adopted by removing the common revolute joint of each pair of S4R linkages [49]. 

Therefore, a novel origami-synchronized mechanism is constructed in this section by integrating a spatial 9R linkage and three 
pairs of S4R linkages. The proposed one-DOF origami-synchronized mechanism can be utilized as the mechanism cell to construct a 
series of novel origami polyhedrons with synchronized radial motion, which is presented in the next section. 

3. Construction and variations of a series of origami polyhedrons 

For clarity, the truncated cuboctahedron with octahedral symmetry (Oh) is selected from Fig. 1 to demonstrate the construction 
process of the origami polyhedron. As shown in Fig. 6(a), a one-eighth portion of the entire polyhedral surface is symmetrically 
highlighted by gray dotted lines. Then, referring to Fig. 6(b), we embed the one-DOF crease pattern proposed in Fig. 3(a) into this one- 
eighth surface, which can be regarded as the origami mechanism cell. Ultimately, following Oh tessellation, the complete origami 
truncated cuboctahedron is constructed in Fig. 6(c) by embedding and merging eight mechanism cells. Together with the one-DOF 
radial motion of mechanism cells and the symmetric property, it is straightforward that the entire motion of the proposed origami 
truncated cuboctahedron is one-DOF, coordinated and radially synchronized, whose corresponding prototype is fabricated, see Fig. 6 
(d), in which the sheets at each four-crease vertex have been expanded along the valley creases to cover the maximum yellow surface in 
a deployed polyhedron. 

During the one-DOF synchronous radial motion, the inscribed sphere radius r, circumscribed sphere radius R and the volume V of 
the origami truncated cuboctahedron as illustrated in Fig. 6(c) are 

r =
( ̅̅̅

2
√

sin(φ1 − 45∘) +
̅̅̅
2

√
+ 1
)

a
/

2 (22a)  

R =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(8 + 4sin(φ1 − 45∘))
/(

2 −
̅̅̅
2

√ )
− 2sinφ1

√

a
/

2 (22b)  

Fig. 6. Construction of origami truncated cuboctahedron. (a) A one-eighth of the entire polyhedral surface in a truncated cuboctahedron; (b) the 
embedding of one origami-synchronized mechanism cell; (c) construction of the entire origami truncated cuboctahedron; (d) the transformation 
sequence of a cardboard prototype from a truncated cuboctahedron (left) to a truncated cube (right). 
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V =

(
102 + 68

̅̅̅
2

√
+ 3
(

48 + 29
̅̅̅
2

√ )
sin(φ1 − 45∘)

−
(

18 + 12
̅̅̅
2

√ )
sin(2φ1) +

̅̅̅
2

√
sin(3φ1 + 45∘)

)

a3

/

12 (22c)  

respectively, where a is the edge length of a regular truncated cuboctahedron. 
Thus, taking φ1 as the only input dihedral angle, the curves for the deployable radius r and R and the volume V can be obtained and 

illustrated in Fig. 7. 
Further, the proposed construction method can be readily extended to the other two cases in Fig. 1. Based on tetrahedral symmetry 

(Td), one origami mechanism cell is embedded into a quarter surface of the truncated tetratetrahedron as shown in Fig. 8(a), then a 
prototype of origami truncated tetratetrahedron is created and fabricated as illustrated in Fig. 8(b). Following icosahedral symmetry 
(Ih), the tessellation of one mechanism cell on the one-twentieth surface in Fig. 8(c) results in an origami truncated icosidodecahedron 
in Fig. 8(d). The transformation sequences of two prototypes show that both can realise one-DOF synchronized radial motion. 

In summary, the procedure of constructing such origami polyhedrons can be summarized as follows. Step 1: divide a threefold- 
symmetric portion centered on a yellow facet on polyhedral surface according to the corresponding symmetry. Step 2: embed the 
one-DOF origami mechanism cell into this portion surface. Step 3: synthesize the entire origami polyhedrons following symmetric 
tessellation of mechanism cells. Step 4: verify the kinematic characteristics, i.e., one DOF, radial synchronized motion and the sym-
metry reserved in the continuous motion. Note that if the threefold-symmetric portion cannot be divided out from a polyhedral surface 
in Step 1, the objective polyhedron should be reconsidered. Moreover, the synthesis process of mechanism cells in Step 3 should satisfy 
the kinematic compatibility. 

By now, three paired transformations have been realized by symmetrically embedding origami-synchronized mechanism cells into 
the surface of polyhedrons. Next, we aim to create a wider range of polyhedral transformations using dimensional shortening oper-
ations, in which the related mechanism topology remains isomorphic. 

First, an octagon with two kinds of sides lies in the middle of the first row in Fig. 9, in which the length of horizontal or vertical sides 
is l and the inclined side is h. Following the leftward path I, l is gradually shortened until it is reduced to zero whilst h is retained, which 
ultimately leads to an inclined square with side length h. On the other hand, shortening h into zero along the rightward path II results in 
a square with side length l. Subsequently, referring to the planar shortening operations of an octagon, the second row demonstrates the 
corresponding polyhedral assemblies. As a result, based on the original truncated cuboctahedron, a rhombicuboctahedron and a 
truncated octahedron eventually reach along the path I and path II, respectively, where the rhombicuboctahedron′ in path I and 
truncated octahedron′ in path II represent the intermediate shortening results. Further, following the polyhedral transformation 
principle as indicated in Fig. 1, the third row in Fig. 9 shows the corresponding folded polyhedrons in geometry dimension. 

Together with the dimensional shortening operations in Fig. 9 and the proposed construction method of the origami polyhedral 
mechanism, structural variations of origami polyhedrons are presented as follows yet with mechanism topology isomorphism. 

Here the original mechanism cell created in Section 2 is taken as the middle one in the first row of Fig. 10. Combining with the 
proposed shortening operations along paths I and II, the S-l cell and S-h cell both possess the same mechanism topology as the original 
cell due to the paired S4R linkages at the corners. Note that, to avoid physical interference, the specific design parameters of the S-l cell 
and S-h cell are discussed in Appendix C. Next, in terms of the construction of the entire origami polyhedral mechanism, the second row 
in Fig. 10 depicts the synthesized origami polyhedrons in the deployed state. Similarly, the third row displays the corresponding folded 
configurations of the above origami polyhedrons. In detail, the origami rhombicuboctahedron′ in path I can perform one-DOF radial 
motion due to the same mechanism topology as the original origami truncated cuboctahedron, as well as the origami truncated 
octahedron′ in path II. In the extremal cases that l = 0, h = 0, the dimension of the spherical 4R linkage pairs is shortened into zero, 
which is only theoretically possible but rather difficult to make a physical prototype without special design on the joints. 

Fig. 7. The curves of (a) inscribed sphere radius r and circumscribed sphere radius R and (b) the volume V vs. folding angle φ1.  
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Hence, the origami rhombicuboctahedron′ and origami truncated octahedron′ in Fig. 10 are identified and constructed along path I 
and path II to achieve the other two one-DOF radial transformations with Oh symmetry, respectively. Moreover, the proposed 
structural variations can be directly extended to the other two original origami polyhedrons (Fig. 8) with Td and Ih symmetries, 
respectively. In summary, Table 2 lists a total of six transformations with structural variations relative to three original cases given in 
Fig. 1, all of which can perform one-DOF synchronized radial motion. 

4. Conclusions and discussion 

In this paper, we proposed an innovative approach for constructing a family of origami polyhedrons that perform one-DOF radial 
motion and deployable transformability among Archimedean polyhedrons. As a construction cell of the origami polyhedron, a one- 
DOF origami-synchronized mechanism was proposed by embedding three pairs of spherical 4R linkages into a spatial 9R linkage to 
provide kinematic constraints, in which the kinematics and constraint conditions were revealed based on mechanism decomposition 
and closure equations. Three one-DOF transformable origami polyhedrons were obtained by assembling one-DOF mechanism cells 
following symmetries Td, Oh and Ih, respectively. Meanwhile, three cardboard prototypes were fabricated to demonstrate and verify 
their kinematic features and the construction approach. Furthermore, the dimensional structural variations with mechanism topology 
isomorphism were demonstrated to realise more and various transformable solutions. Eventually, a total of nine transformable origami 
polyhedrons with one-DOF radial motion have been obtained in this paper. 

Fig. 8. (a) One mechanism cell of origami truncated tetratetrahedron and (b) its transformation sequences of cardboard prototype; (c) one 
mechanism cell in origami truncated icosidodecahedron and (d) its cardboard prototype. 
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Fig. 9. Dimensional shortening operations. The first row: the leftward path I to shorten side length l and the rightward path II to shorten side length 
h in an octagon; the second row: the corresponding polyhedral assemblies; the third row: the corresponding transformation results. 

Fig. 10. Variations of origami polyhedrons with shortening operations. The first row: the leftward path I to shorten side length l and the path II to 
shorten side length h in an original mechanism cell. the second row: the folded configurations of the origami polyhedrons; the third row: the folded 
configurations. 
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Although only the Archimedean solids are studied here due to their interesting transformability, such construction methods can be 
adapted to explore the design of other one-DOF deployable polyhedrons such as Johnson solids. Note that, to realise such polyhedral 
construction, three blue platforms in an origami mechanism cell should surround a hexagon facet (or triangle facet after shortening 
operations) and separate from each other to derive a threefold-symmetric feature. The tessellation of mechanism cells should follow 
the original symmetry of a polyhedron. Furthermore, the dimensional shortening operations should ensure the symmetry of the 
platforms and the radial motion toward the centroid, as well as mechanism topology isomorphism. 

It is found that, due to the synchronized radial motion of origami polyhedrons, their corresponding symmetric properties are 
preserved in all configurations, i.e., they are isotropic. Regarding an origami polyhedron as a construction cell, the work in this paper 
potentially provides a new kinematic strategy to create three-dimensional metamaterials with enriched properties, such as a large 
deformation range, Poisson’s ratios of − 1 as well as negative thermal expansion. Furthermore, in the kinematics of the origami 
polyhedral mechanism, the focus is on the one-DOF mechanism topology, in addition to the structural variations reported in this paper, 
relative geometric conditions can also be properly adjusted to meet specific engineering requirements. We expect the proposed origami 
polyhedrons and their tessellation could enhance their applications in various engineering fields such as multifunctional meta-
materials, deployable structures for architectures as well as space exploration. 

Table 2 
The paired polyhedrons and their origami transformation solutions.  

Origami polyhedrons obtained by path I with l = 0.1a Origami polyhedrons obtained by path II with h = 0.1a 

Rhombitetratetrahedron and tetrahedron (VDR=20) Truncated tetrahedron and tetratetrahedron (VDR=5.75) 

Rhombicuboctahedron and cube (VDR=8.71) Truncated octahedron and cuboctahedron (VDR=4.80) 

Rhombicosidodecahedron and dodecahedron (VDR=5.43) Truncated icosahedron and icosidodecahedron (VDR=4.00) 

*VDR=Volumetric Deployable Ratio. 
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Fig A1. The D-H notations of a portion of (a) spatial linkage and (b) spherical linkage.  

Fig B1. Direction vectors of joint axes of z1 to z9 in the origami mechanism.  

Y. Gu and Y. Chen                                                                                                                                                                                                    



Mechanism and Machine Theory 184 (2023) 105293

14

Data availability 

No data was used for the research described in the article. 

Acknowledgements 

The authors would like to thank the financial support from the National Natural Science Foundation of China (Projects 51825503, 
52035008 and 51721003) and the Tencent Foundation (Grant XPLORER-2020-1035). 

Appendix A 

The kinematic analysis of the proposed spatial 9R linkage and the paired spherical linkages can be carried out based on the matrix 
method with the D-H notations [47]. For a part of a spatial linkage with revolute joints, the D-H notations are shown in Fig. A1(a). 
Here, zi is along the axis of revolute joint i and xi is along the direction of the common perpendicular between zi− 1 and zi. The 
geometrical parameter ai(i+1) represents the distance between zi and zi+1, also known as the length of link i(i + 1), positive along the 
axis xi+1; αi(i+1) represents the twist angle between zi and zi+1 about the axis xi+1; and offset Ri is the distance between axes xi and xi+1 

along the zi axis. Further, the joint angle θi is defined as the rotation angle between xi and xi+1 about the axis zi. In general, for a 
single-loop linkage consisting of i links, the closure equation using the transformation matrices obtained through the D-H parameters is 

T21T32...Ti(i− 1)T1i = I4 (A1) 

The transformation matrix T(i+1)ican be expressed as 

T(i+1)i =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

cosθi − cosαi(i+1)sinθi sinαi(i+1)sinθi ai(i+1)cosθi

sinθi cosαi(i+1)cosθi − sinαi(i+1)cosθi ai(i+1)sinθi

0 sinαi(i+1) cosαi(i+1) Ri

0 0 0 1

⎤

⎥
⎥
⎥
⎥
⎥
⎦

(A2)  

the inverse transformation Ti(i+1) can be expressed as 

Ti(i+1) =

⎡

⎢
⎢
⎣

cosθi sinθi 0 − ai(i+1)
− cosαi(i+1)sinθi cosαi(i+1)cosθi sinαi(i+1) − Risinαi(i+1)
sinαi(i+1)sinθi − sinαi(i+1)cosθi cosαi(i+1) − Ricosαi(i+1)

0 0 0 1

⎤

⎥
⎥
⎦ (A3) 

For a spherical linkage as illustrated in Fig. A1(b), the axes of revolute joints meet at a point, the lengths of each link are zero, thus 
closure equation Eq. (A1) reduces to 

Q21Q32...Qi(i− 1)Q1i = I3 (A4)  

where 

Q(i+1)i =

⎡

⎢
⎢
⎣

cosθi − cosαi(i+1)sinθi sinαi(i+1)sinθi

sinθi cosαi(i+1)cosθi − sinαi(i+1)cosθi

0 sinαi(i+1) cosαi(i+1)

⎤

⎥
⎥
⎦ (A5)  

and 

Fig C1. Design parameters in (a) one-third of S-l cell and (b) one-third of S-h cell.  

Y. Gu and Y. Chen                                                                                                                                                                                                    



Mechanism and Machine Theory 184 (2023) 105293

15

Qi(i+1) =

⎡

⎢
⎢
⎣

cosθi sinθi 0

− cosαi(i+1)sinθi cosαi(i+1)cosθi sinαi(i+1)

sinαi(i+1)sinθi − sinαi(i+1)cosθi cosαi(i+1)

⎤

⎥
⎥
⎦ (A6) 

Closure Eqs. (A1) and (A4) can be used to obtain the kinematic relationships of the joint angles in the proposed spatial 9R linkage 
and the paired S4R linkages. Furthermore, in origami study, dihedral angles are preferred to directly represent the folding process. The 
relations between the dihedral angles and kinematic joint angles in the proposed spatial 9R linkage in Fig. 2(c) are 

φ1 = θ1 + π/2,φ2 = θ2 − π/2,φ3 = π − θ3
φ4 = θ4 + π/2, φ5 = θ5 − π/2,φ6 = π − θ6
φ7 = θ7 + π/2, φ8 = θ8 − π/2, φ9 = π − θ9

(A7)  

for the paired S4R linkages A and B in Fig. 3(b), there exists 

ϕA
1 = θA

1 − π, ϕA
2 = θA

2 − π,ϕA
3 = π − θA

3 , ϕA
4 = θA

4 − π
ϕB

1 = π − θB
1 , ϕB

2 = π − θB
2 , ϕB

3 = θB
3 − π, ϕB

4 = π − θB
4

(A8)  

Appendix B 

Referring to the kinematic deductions of the one-DOF origami-synchronized mechanism with β = 90∘ and α12 = 135∘ in Section 2, 
the direction vectors of joint axes of z1 to z9 are shown in Fig. B1, in which z3, z6 and z9 are vertical to each other and intersect at the 
origin of global coordinate frame O-xyz in every configuration. The direction vectors of z1 to z9 and the position vectors of points A to F′

(at z1 to z9 respectively) can be derived as 

z1 = [ 1 0 0 ]T, A =

[

d −
acosφ1

2
asinφ1

2

]T

,

z2 = [ 0 1 0 ]T, B =

[

−
acosφ1

2
d asinφ1

2

]T

,

z3 = [ 0 1 0 ]T, B’ = [ 0 d 0 ]T,

z4 = [ 0 1 0 ]T, C =

[

−
asinφ1

2
d acosφ1

2

]T

,

z5 = [ 0 0 − 1 ]T, D =

[

−
asinφ1

2
−

acosφ1
2 − d

]T

,

z6 = [ 0 0 − 1 ]T, D’ = [ 0 0 − d ]
T
,

z7 = [ 0 0 − 1 ]T, E =

[

−
acosφ1

2
−

asinφ1
2 − d

]T

,

z8 = [ 1 0 0 ]T, F =

[

d −
asinφ1

2
acosφ1

2

]T

,

z9 = [ 1 0 0 ]T, F’ = [ d 0 0 ]T.

(B1)  

in which d = a(
̅̅̅
2

√
− cosφ1)/2. 

The direction vector n12 in platform p1 is the normal vector of z1 and z2 passing the common point P12, so do normal vector n45 for z4 
and z5 passing P45, and normal vector n78 for z7 and z8 passing P78, which can be obtained as 

n12 = [ 0 0 1 ]T, P12 =

[

−
acosφ1

2
−

acosφ1
2

asinφ1
2

]T

n45 = [ − 1 0 0 ]T, P45 =

[

−
asinφ1

2
−

acosφ1
2

acosφ1
2

]T

n78 = [ 0 − 1 0 ]T,P78 =

[

−
acosφ1

2
−

asinφ1
2

acosφ1
2

]T

(B2) 

So far, it can be found that the motion directions of three platforms illustrated in blue are invariable, and the distances of the three 
points P12, P45 and P78 with respect to the origin O are always identical. Hence, this origami mechanism presents a one-DOF syn-
chronized radial motion. 
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Appendix C 

Based on polyhedral geometry, the specific design parameters of cyan and yellow sheets are presented as follows to avoid physical 
interference during folding, especially in the folded configuration. Due to the threefold symmetry of S-l cell in Fig. 10, one-third portion 
of S-l cell is shown in Fig. C1(a). Theoretically, l can be shortened to an infinitesimal one, in this paper, we assign l′ = 0.1 l that fa-
cilitates manufacturing and presentation. Then, the length b without interference can be derived as 

bmax =
l′ tanγ

2sin(β/2)
(C1)  

in which γ can be obtained from polyhedral geometry in the folded state, and are 35.26◦, 54.74◦ and 69.09◦ in rhombitetratetrahedron, 
rhombicuboctahedron and rhombicosidodecahedron (the left column in Table 2), respectively. 

On the other hand, one-third of S-h cell is illustrated in Fig. C1(b), we similarly assign h′

= 0.1 h for the right column in Table 2, the 
length c of the valley crease between two yellow sheets can be obtained as 

cmax =
h′

2cos(90∘ + β/2 − α23)
(C2) 

It should be pointed out that other geometry parameters and shapes of these sheets can be properly adjusted without physical 
interference and with mechanism isomorphism. 
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