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1. Introduction

For close-loop linkage consisting of only links and revolute joints, generally seven links are needed to form a mobile loop
according to the Kutzbach criterion [1]. All of the spatial 4R, 5R and 6R close-loop linkages are regarded as overconstrained
simply because their mobility is due to special geometrical arrangements. These linkages have always drawn much research
interest from kinematicians.

The first overconstrained mechanism which appeared in the literature was Sarrus linkage [2] in 1853. Since then, other
overconstrained mechanisms have been discovered. Among them, the Bennett linkage [3,4] is the most interesting one, with
only four links connected by four revolute joints whose axes are not parallel or concurrent to each other. A number of 3D
overconstrained linkages are the combinations of two or more Bennett linkages, e.g., two five-bar and two six-bar Myard
linkages [5], the Goldberg 5R and 6R linkages [6], the Bennett-joint 6R linkage [7], the Dietmaier 6R linkage [8] and the Wohl-
hart double-Goldberg linkages [9] and most recently some 6R linkages proposed by Baker [10] and Chen and You [11]. A
most detailed study of the overconstrained mechanisms was done by Baker [12,13], etc.

In this paper, our attention is paid to the Myard’s first five-bar linkage, an overconstrained 5R linkage. The original Myard
linkage is plane-symmetric for which the two ‘rectangular’ Bennett chains, with one pair of twists being 7/2, are symmet-
rically disposed before combining them [5]. Baker [14] gave the geometric condition and closure equations of the Myard
linkage through the analysis of the Goldberg 5R linkage. So the Myard 5R linkage can be treated as special case of the Gold-
berg 5R linkage. Baker [15] pointed out that the Myard linkage can also be considered as a degeneracy of a plane-symmetric
6R linkage. Chen and You [16] have presented the extended Myard linkage, in which they reported the possibility of
constructing an extended 5R Myard linkage by combining two complementary Bennett linkages. Unlike the original Myard
linkage, the angle of twists in the Bennett linkages is not necessary to be 7/2. In a previous study it has been found that the
Myard linkages can be used as deployable units for the construction of an umbrella-shaped deployable structure [17]. Here
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we present a new method to construct a family of mobile assemblies of Myard linkage unlimitedly using tilings and patterns
[18].

The layout of this paper is as follows. First, in Section 2 we introduce a Myard'’s first five-bar linkage constructed by com-
bining two Bennett linkages and its closure equations. Then in Section 3 we describe in detail the construction of mobile
assemblies and analyse their geometric characteristics. Section 4 presents a method for the model fabrication. And further
discussions in Section 5 conclude the paper.

2. Myard linkage

Fig. 1 shows a Myard’s first five-bar linkage constructed by combining the two ‘rectangular’ Bennett chains, with one pair
of twists being /2. The Bennett linkages 1236 and 5164 are first disposed as mirror images of each other before combining
them. Then the common links 16 and 63 (or 64) and joint 6 are removed to form a 5R plane-symmetric overconstrained link-
age with the mirror coincident with the plane of symmetry. So the conditions on its geometric parameters are

a4 =0, aip =05, 03 =das, (13)

023 = Olg5 = g, 051 =T — 012, Olzg =TT — 2002, (1b)

R=0 (i=1,2,...,5) (1c)
and

a1y = O3 SIN 043 (1d)

due to the geometric condition of the Bennett linkage [3,4]. Here, a;;.1) is the distance between adjacent joint axes, which is
also referred as length of link i(i + 1). oii+1) is the rotation angle between adjacent joint axes positively about the axis of joint
i, which is also referred as twist of link i(i + 1). R; is the distance from link (i — 1)i to link i(i + 1) positively about the joint
axis, which is also referred as offset of joint i. And 6; is the revolute variable of the linkage, which is the angle of rotation from
link (i — 1)i to link i(i + 1) positively about the axis of joint i .

The closure equations are [14,16]:

1+ Q3+ @y =2, (2a)

¢y + ¢5 =2, (2b)
(A &7sin%(§+oc12)

tan 5 tan > = 75111%(%_ o) (2¢)

Fig. 1. Construction of Myard Linkage.
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and

inl(z
tan @2 SIN3Gr o) 05 (24)
2 sind(Z-oy2) 2

From (2c) and (2d), it is obtained that
Pg=@Q3+T.

A set of kinematic paths of a Myard linkage is shown in Fig. 2, in which ¢4, = /3.

It can be noted from Fig. 2 that ¢, changes 4 in one full cycle of the linkage. However, the physical model in Fig. 3 reveals
that ¢, can only change between —7 and 7, while ¢, € (—27, —7) and ¢, € (7, 2n) is corresponding to the symmetric con-
figuration of ¢, € (—m, m) about the symmetry plane, i.e. links 23 and 45 exchange positions, so do links 12 and 51. Set the
angle between links 23 and 45 as 4, then the relationship between ¢, and J can be derived from A125 and A23(4)5 in Fig. 1
as

a2, + a%, — 2a2, cos(p, — ) = a%; + a2; — 2a2; cos J.
Considering (1d), we have
sin® oy5(1 + cos @,) = 1 — cos 5, (3)

which is plotted in Fig. 4 for -t < ¢, < 7.
From Figs. 2 and 4, three important configurations exist regardless of the value of oy;:

(i) ;=7 ¢, =¢;=0, ¢, =7, @5 =0 (or 2m), and é = 0, which is the configuration that the linkage forms a straight
line with the length a;; + a3, see Fig. 3a;
(ii) @, =0, @y = /2 + 042, @3 = /2, @, = 3T/2, p5 = 37/2 — tt12, and & = 20112, Which is the configuration that the link-
age form a planar triangle with inner angle being 2c13, /2 — 12, /2 — 112, and side lengths being 2ai,, a3, a3, see
Fig. 3c;
(iii) @, = -7, @, = @3 = @5 =, ¢, =0 (or 27m), and é = 0, which is the configuration that the linkage forms a straight
line with the length a3 = a2/ sin oy, as shown in Fig. 3e.

If using the Myard linkage as a basic unit to construct a deployable structure, configurations (i) and (iii) correspond to the
folded configurations while configuration (ii) is the deployed one. Therefore, this linkage is an ideal unit for large deployable
structures.

eé!cb;z

Fig. 2. The kinematic paths of Myard linkage for a1, = m/3 (‘a’-‘e’ are to indicate the five configurations of the model in Fig. 3).
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Fig. 3. Motion sequence of a Myard linkage with o4, = 7/3.

—_— a=nf3
—————a,=7/4

—_— =76

257’60.

Fig. 4. The relationship between ¢, and é.

3. Mobile assemblies of Myard linkage

Briand and You [17] have used Myard linkages as deployable units to build an umbrella-shaped deployable structure as
shown in Fig. 5. When the assembly consists of n identical Myard linkages, there are n joints at the centre point O. Because
the frame forms a flat polygon when fully deployed with each Myard linkage forms a triangle, the twist of each Myard link-
age must satisfy that oy, = /n .

Meanwhile, we find that two Myard linkages can be assembled together by a pair of continuous cross-bars as links 12 and
51 for both linkages, as shown in Fig. 6. The cross-bars intersect at point P, which is the position of joint 1 for both linkages.
Two Myard linkages, MLa and MLb, will move in a synchronised manner, i.e. both reach the folded and deployed configura-
tions at same time, even when two o;,’s are not equal, due to the relationship between ¢, and 6 shown in Fig. 4. MLa and
MLb share the same symmetry plane, which is the vertical plane passing through joint 1 and links 34 of both linkages. A
model is shown in Fig. 7.

It is interesting to note that when the twists of MLa and MLb are the same, the assembly is symmetric about point P. The
axis of joint 1 of MLa and that of MLb are in the opposite directions. The assembly has a symmetry plane and a symmetry
point, which is on the symmetry plane. Thus the assembly also has a two-fold rotational symmetry, C,, which is about the
axis perpendicular to the symmetry plane at point P, see Fig. 6. As a result, the planes formed by joint axes 3 and 4 of MLa and
MLb are always parallel during the movement of the assembly. This particular characteristic makes it possible to construct
an unlimited number of Myard linkages into a family of mobile assemblies by combining above two kinds of assemblies to-

Fig. 5. A schematic diagram for an umbrella-like deployable frame made from seven Myard linkages. Only one of the Myard linkages is highlighted.
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Symmgtry Plane

Fig. 6. A schematic diagram of a mobile assembly of two Myard linkages.

(a) (b) (c)

Fig. 7. The mobile sequence of the assembly of two Myard linkages with o, = 7/3 for MLa and o4, = 37/4 for MLb.

gether using tilings and patterns [18]. A number of umbrella-shaped assemblies can be connected together through the
cross-bars to form a large assembly while the internal mobility is kept. Because the umbrella-shaped assembly deploys into
regular polygons, the tilings with the regular polygons should be considered as connection patterns.

Mathematically, the tilings accommodating regular polygons can be classified into four types: regular and uniform tilings,
k-uniform tilings, equitransitive and edge-transitive tilings, and tilings that are not edge-to-edge. The only edge-to-edge
monohedral tilings by regular polygons are three regular tilings, (3%), (4*), and (6%), shown in Fig. 8, where the basic tiles
are identical equilateral triangles, squares and regular hexagons, respectively. In order to maintain the character that two
planes formed by joints 3 and 4 are parallel, all the Myard linkages in the assembly must be identical so that the regular
polygons in assembly will also be identical. Hence, only three types of monohedral tilings can be used. When the umbrel-



S.Y. Liu, Y. Chen/Mechanism and Machine Theory 44 (2009) 1950-1963 1955

4 (6%)

Fig. 8. The edge-to-edge monohedral tilings by regular polygons.

la-shaped assembly forms an equilateral triangle in its deployed configuration, the twist of Myard linkage should be
o2 = /3. When the umbrella-shaped assembly has a square profile, the twist of Myard linkage should be o, = 7/4. And
when the profile of an umbrella-shaped assembly is a regular hexagon, the twist of Myard linkage should be o, = 7/6. Next,
we should show how to construct these three types of assemblies.

3.1. Assembly I

Three Myard linkages with o1, = 7/3 can form an assembly block that deploys into an equilateral triangle, see Fig. 9a.
Based on tiling (3°), a number of such blocks can be assembled through the continuous cross-bars, see Fig. 9b. The assembly
is mobile because all of the Myard linkages are identical and they move synchronously, which is demonstrated by the model

in Fig. 10. When the assembly is placed horizontally, the unit centres move upwards or downwards. That is, in Fig. 9b, Oy, O3
and Os move upwards together, whereas 0,, O, and Os move downwards together, as shown in Fig. 10d.

3.2. Assembly Il

Similarly, four Myard linkages with o4, = 7/4 can form an assembly block, and further form a mobile assembly following
tiling (4*), see Fig. 11, in which all the Myard linkage move synchronously as shown in Fig. 12, where the centres in the
squares with the same colour will move upwards or downwards together.
3.3. Assembly Il

Six Myard linkages with o, = /6 can be put together to form an umbrella frame shown in Fig. 13a. The assembly has a

mobility one. Furthermore, a larger mobile block can be made in a way similar to those used to form assemblies I and II, using
it as a deployable block. Adjacent Myard linkages with a1, = 7/6 are joined together by a pair of cross-bars, see Fig. 13b. The

LV

o
(a) (b)

Fig. 9. The assembly of Myard linkages with oy, = 7/3. (a) An assembly of three such linkages as a unit; (b) assembly with six units.
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(d)

Fig. 10. The motion sequence of a model of mobile assembly with oy, = /3. (a)-(c) top views; (d) side view.

(a) (b)

Fig. 11. The assembly of Myard linkages with o4, = /4. (a) An assembly of four such linkages as a unit; (b) assembly with four units.

assembly still has a mobility one. When centre C moves upwards during deployment, C;(i = 1,2,...,6) move downwards.
Next following tiling (6), three larger blocks are assembled together as shown in Fig. 13c. The resulting assembly is mobile
but has more than mobility one because there are only three Myard linkages around point A, which can move independently.
In order to synchronise their motions, three pairs of bars, shown in dash line in Fig. 13c, are added so that there are a total of
six Myard linkages around point A to form an umbrella frame. Now the whole assembly has only a mobility one. This con-
struction process can be used repeatedly to form a large deployable structure. If the centre joints in the centre of hexagons
move together upwards, the centre joints in the corners of hexagons will move together downwards. A model is shown in
Fig. 14. It should be noticed that the bars in dash links do not form cross-bars. If they are replaced by cross-bars, the assembly
loses its mobility. As shown in Fig. 13c, if the umbrella-shaped assemblies centred by A and B are connected by a pair of
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(b)

Fig. 12. The motion sequence of a model of mobile assembly with o, = 7/4. (a)-(c) top views; (d) side view.

cross-bars, centre joint A moves downwards while B moves upwards, which conflicts with the fact that the centre joints in
the corners of hexagons will move together downwards. Hence, the whole assembly cannot move.

As discussed in the previous section, a single Myard linkage deploys to a planar triangle and folds to a bundle. This char-
acter remains in the mobile assemblies I, I, and I, the final assemblies can deploy into a planar profile and fold to a bundle.
During the motion, all the centre joints form two planes parallel to the deployed plane. The distance between the upper and
lower joints, Hy, and the dimension of frame’s projection, D,, change with kinematic variable, ¢,. These two sets of relation-
ship can be found by analysing the assembly of two Myard linkages connected by a pair of cross-bars as shown in Fig. 15.
MLa and MLb have the same link length and twist. So joints 3 and 4 of MLa meet at point M and form a horizontal plane, and
joints 3 and 4 of MLb meet at point N and form another horizontal plane. Because two Myard linkages are identical, they
have the same symmetry plane which is the vertical plane passing through MN and joint 1. MN intersects joint 1 at point
P, and projects P on two horizontal planes at point S and T. Then ST = 2PS is the vertical distance between M and N, denoted
by H, while MS + NT = 2MS is the horizontal distance between M and N, denoted by D. The relationship between H, D and
the kinematic variable ¢, can be found in terms of geometric parameters of the Myard linkage, a;, and o4, .

For MLa in Fig. 15, axis 2 is certainly perpendicular to links 12 and 23, i.e,,

axis 2 L PQ and axis2 1 QM,

which means axis 2 is perpendicular to the plane MPQ. Because o3 = 3, axis 2 is perpendicular to axis 3, i.e,,

axis 2 L MR.
MR must be on the plane MPQ. As axis 3 is perpendicular to link 23, ZQMR = /2. Therefore,
/PMR = 71t/2 — ZQMP. (4)
For the triangle AMPQ, /PQM = 7t — ¢,, and PQ = a;3, MQ = a3 = sz Then
MP =y, 14— 255 (5)
sin® oo SIN 02
and
sin ZQMP = S P (6)

/1 1 D 05Dy '
+ sin? [27) + sin oy
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C,

(c)

Fig. 13. Assembly of Myard linkage with o4, = 7/6. (a) An assembly of six such linkages; (b) a unit; (c) assembly with three units.

In Fig. 15, because PS is perpendicular to horizontal plane, PS 1. MR. Let RS 1. MR, then PR L. MR. So For the triangle APMR,

MR = MP cos Z/PMR.
Considering (4), (5), and (7) becomes,
MR = ay, sin @,.
For the triangle AMRS, ZRMS =104 =Z — oy,

MR a0, S0,
~ cos ZRMS “Psinog,

For the triangle APMS,

P_S:\/WZ—M_SZ=a12(1+%).

sin 012
So the vertical distance between M and N is

szﬁzzau(l +C.°S—(P2),
SN oy

)

8)

9

(10)

(11)
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(b)

(d)

Fig. 14. The motion sequence of a model of mobile assembly with oy, = /6. (a)-(c) top views; (d) side view.

[ D

Fig. 15. A schematic diagram of a mobile assembly of two same Myard linkages.

and the horizontal distance between M and N is

— 2.V = 2a,, 500
D=2-MS= 2(112 sin % . (12)
According to (2a), (2¢), and (2d),

sind (Z+ ot12)
sinl

tan "= 21 (13)

= 2arctan .
(pZ (% _ au) 4
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Hia,
A

6

(b)

Fig. 16. H/a;; and D/ay; vs. @, in the range of 0 to 7 for different o, .

Substituting (13) into (11) and (12), the relationship between H, D and ¢, can be obtained. For the assembly shown in
Fig. 15, ¢, changes either between 0 and 7 or between —7 and 0, when the physical size of the cross-bars is considered.
Fig. 7c shows that when —7 < @, < 0, H is not the total height of assembly, and two parallel planes are not top and bottom
planes of the assembly. And the assembly is difficult to design resulting in little application potential. As a result, we become
more interested in the behaviour of the assembly for 0 < ¢, < 7. Fig. 16 shows the plots of H/a;, and D/a;, vs. ¢, in the
range of O to 7 for different oy, because H and D are proportional to a;,. It is noticed that H/a;, increases from O to
2(1+ m) when 0 < @, < 7w, while D/a;; increases first from 2 cot o, to 2/ sin o1 when ¢, changes from O to 2o, and then
decreases from 2/sinoy, to 0 when ¢, goes from 2o, to 7. For whole assembly, H, = H and D, is proportional to D. The
proportional ratio, R, = D,/D, varies with the number of units in the assembly. Thus there are three interesting
configurations:

(i) ¢, =0,H, =0and D, = (2a;; cotoy2) - Rq, where the whole assembly forms a plane while each unit forms a equilateral
triangle, square or regular hexagon.

(ii) @, = 2042, @, = m/2,Hs = 2a;; and D, = (2a12/ sin o12) - Rq, where the assembly has the largest horizontal dimension,
which is marked as 4 in Fig. 9b, and the cross-bar also forms a horizontal plane, see the side views in Figs. 10, 12 and
14.

(iii) @, =1, Hy = 2a12(1 + ﬁ) and D, = 0, where the assembly folds into a bundle with all links collinear.
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Centre Joint

90 -twist
Link

Cross-bar

Fig. 17. A prototype of mobile assembly with oy, = /3 .

Alternative Form

Fig. 18. A schematic drawing of the centre joint and 90-degree-twist link.

4. Model design

It should be pointed out that the physical cross-sectional sizes of the links and joints of linkage are always ignored
when conducting the kinematic analysis. And links always span the shortest distance between two adjacent revolute
hinges. We cannot do so when designing a prototype for certain applications. As the result, we had to extend the joint
axes and connect them by links which are no long perpendicular to the joint axes. We call such linkage the alternative
form of the original linkage. A prototype of assembly of Myard linkages with o, = /3 is shown in Fig. 17, which was
designed with Solidworks®. The design consists of three major components, namely, the centre joint, the 90°-twist link
and the cross bars. The centre joint is a connector with three axes at 120° apart, and it is connected to three 90°-twist
links by revolute joints. As shown Fig. 18, this combination is equivalent to the original links which intersect at the centre.
The motion sequence of the prototype is shown in Fig. 19. In Fig. 19a and b, the assembly is in its deployed configuration
where ¢, is close to 0 and all the links are almost co-planar. In Fig. 19c and d, ¢, = 27/3, the assembly spans the largest
area. In Fig. 19e and f, ¢, is close to 7, the assembly folds into a bundle. Similar design can be done for assemblies with
012 = 7/4 and oqp = /6 .
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(a) (b)

(©) (d)

L L
(e) ()

Fig. 19. The motion sequence of a prototype of mobile assembly with oy, = 7/3. (a), (c), (e) Top views; (b), (d), (f), front views.

5. Conclusion and discussion

In this paper, we have created a number of deployable blocks based on the Myard linkage. With these blocks, we can build
large deployable assemblies. Because we use cross-bars to synchronise the motion of each deployable blocks, the resulting
assemblies has only a mobility one. In the deployed configuration, the top or bottom joints form two parallel planes whereas
the assemblies becomes a compact bundle when folded, showing their potential as large aerospace deployable frames. The
characteristics of the assemblies have been analysed. It has been found that when deployed, the distance between the par-
allel planes and dimension of the assembly projected on the parallel planes vary with the kinematic variables. This special
characteristic makes it possible to use the assembly as the supporting system for flexible skin or solid sliding shells that are
attached to the centre joints.

The dimension of such assemblies varies with the kinematic variables. When ¢, changes from 0 to 205, both thickness
and area of the assembly increase, while when ¢, changes from 2a;, to 7, the thickness increases as the area of the structure
decreases. So in the first range, the overall assembly exhibits negative Poisson ratio in three dimensions.

We have considered three assemblies using Myard linkages with o4, = 7/3, 042 = ©/4, and o1, = /6 following monohe-
dral tilings (3°), (4*) and (6), respectively. For potential applications of these assemblies, detailed structural analysis should
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be performed to select which set of twist and tiling is more suitable. Meanwhile, the actuation of the assemblies also should
be analysed. Although we use ¢, as input in the kinematic analysis, it is possible to actuate other revolute joints or even use
linear actuators for deployment. It also should be pointed out that the deployed configuration discussed in Section 3 is a lim-
iting configuration on the kinematic path of the assembly rather than the configuration with the maximum expansion. The
deployed or folded configurations can be selected based on the application requirement.
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