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A B S T R A C T

In this paper, cross folding of an elastic sheet, a common folding method in packaging a deployable antenna
reflective membrane, was studied numerically with the aim of eliminating material failure in the sheet. The
deformation, stress distribution, and peak stress of the sheet, as well as the effects of geometrical parameters on
those properties were systematically investigated. Then two methods, i.e., central hole method and central slit
method, were explored to reduce the peak stress caused by cross folding. A central slit parallel to the first folded
crease was found to be most effective in reducing the peak stress.

1. Introduction

Deployable antenna reflectors are a typical kind of deployable
structures in aerospace engineering, widely used for telecommunica-
tion, earth observation and other missions [1–6]. An antenna reflector
is usually composed of a reflective membrane and a foldable ring that
supports the membrane. Membrane has gained increasing popularity
for two reasons: it can be easily packaged and its surface accuracy can
be achieved by suitable tension upon deployment [7–11]. An antenna
reflector with a diameter greater than 4 m would have to be folded into
smaller dimensions in order to be fitted into a launch vehicle and
subsequently deployed once it reaches its orbit [7]. Various approaches
have been adopted to fold an antenna reflector. Taking the CRTS re-
flector [12] as an instance, the ribs are rolled inward and packed in a
zig-zag way as a folded umbrella, whereas the membrane is folded in
between the ribs. While this folding scheme is able to achieve a large
folding ratio, it unavoidably involves two folding creases being crossed
each other in the membrane, leading to the formation of a vertex in the
crossed area. This phenomenon is not limited in folding the antenna
reflector membranes, but a general issue when four or more folding
creases are met at a vertex in origami engineering structures with in-
itially flat or curved surfaces [13–15].

For a membrane surface made of elastic materials, such as silicone
rubber based materials which are recently being explored for their
capability of being deployed into a desirable shape without cable ten-
sioning, cross folding will cause localized energy and stress/strain
concentrations at folding ridges and point-like vertices [16]. The con-
centrations at such singularities could cause irrecoverable plastic de-
formations, which in turn affect the accuracy of the deployed surfaces.

Hence an in-depth understanding of the formation of vertices and
ridges, their mechanical properties and influencing factors are very
important for implementation of such new materials. Although bending
of an elastic sheet is a thoroughly studied problem in elasticity, there is
little literature related to cross folding. Therefore, the objective of this
paper is to numerically model the cross folding of an flat elastic sheet in
order to study the deformation, stress distribution, and peak stress of
the sheet and how the geometrical parameters of the sheet influence
those properties, and hence to give indications about crease designs
which can be used to avoid such stress concentrations.

The layout of the paper is as follows. The geometry of the elastic
sheet and the finite element modelling procedure are first presented in
Section 2. Section 3 gives the deformation and stress analyses of a cross-
folded sheet. Subsequently two peak-stress relief methods are proposed
and analyzed in Section 4. Finally is the conclusion in Section 5 which
ends the paper.

2. Geometry and finite element modelling

A square sheet of side length 100 mm was considered in this study.
After several rounds of trial-and-error, the following procedure was
found to naturally imitate a folding motion and to effectively cross fold
a sheet. As illustrated in Fig. 1, a sheet was first folded vertically along
folding path BB′ (Step 1) and then horizontally along AO (Step 2), re-
sulting in a cross formed at the center (O).

The two-step folding procedure of a sheet was controlled by 12
circular rigid bodies attached to it as shown in Fig. 1. Each rigid body
was 5 mm in diameter and had a reference point assigned to it to
control its movement. To achieve a natural folding motion, all reference
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points were placed at the mid surface of the sheet. Several simulations
were conducted to determine the number and placement of the rigid
bodies. It was found that the rigid bodies at the sides (1–6) were not
enough to fold up the sheet, and hence two more columns of inner rigid
bodies (7–12) with a position of d from BB′ were added.

The folding motion was enabled by assigning boundary conditions
to the rigid bodies [17]. Specifically, in step 1, the rigid bodies on the
left-hand side and those on the right-hand side rotated about the Y-axis
by °90 towards the center, but in opposite directions so that the sheet
could be folded up. Accordingly, all the reference points associated with
the rigid bodies were completely fixed in space except for the rotational
degree of freedom about the Y-axis. And a positive value of °90 was
assigned to the rigid bodies on the left-hand side, whereas a negative
value of identical magnitude to those on the right-hand side. In step 2,
the rigid bodies along AA′ (2, 5, 8, and 11) were fixed with no trans-
lation or rotation. And the upper rigid bodies (1, 4, 7, 10) and the lower
ones (3, 6, 9, 12) rotated about the Z-axis towards the center by °90 . This
was also achieved by a similar setup as step 1. Notice that the expected
folding mode was achieved by a proper placement of rigid bodies,
without the introduction of geometric imperfection or perturbation in
the sheet.

The sheet thickness t and position of the inner rigid bodies d were
respectively varied between 0.1 mm and 1 mm and between 15 mm and
37.5 mm to investigate their effects on the deformation and stress of the
sheet. Note that the focus of the study was how to keep the sheet in the
elastic range, without considering what happened when the material
went into plastic. Moreover, the peak stress in the sheets studied here
was mostly within 2–3 MPa, and in this range the difference between
Mises and Tresca stress was found to be small. Therefore the Mises
stress was deemed suitable and adopted in all the following discussions.

The folding procedure was simulated in a quasi-static manner using
commercial FEA software package Abaqus/Explicit [18]. The sheet was
modelled as a 3D deformable shell and meshed with quadrilateral shell
elements S4R, whereas the rigid bodies were modelled as 3D analytical
rigid parts. The material was chosen to be silicone rubber with linear
elastic material properties as follows: density ρ = 930 kg/m3, Young's
modulus =E 7.8MPa, and Poisson's Ratio ν = 0.47 [19].

Convergence tests with respect to mesh density and analysis time,
respectively, were also conducted prior to the analysis and checked
against two principles recommended by ABAQUS [18]: first of all, the
ratio of artificial energy to internal energy was below 5% to make sure
that hour-glassing effect would not significantly affect the results; and

secondly, the ratio of kinetic energy to internal energy was below 5%
during most of the folding process to ensure that dynamic effect could
be considered as insignificant. It was found that an element size of
1 mm and an analysis time of 0.1 s were suitable and adopted in the
analysis.

3. Deformation and stress analyses

3.1. Deformation analysis

A series of sheets with =t 0.5mm and d varying between 15mm and
37.5 mm are investigated here. It can be seen in Fig. 2(a) that after step
1, path BB′ remains straight, while path AA′ is deformed into two re-
gions: a straight one composed of two overlapped straight parts and a
waterdrop-shaped one. Zoomed-in views of the waterdrop-shaped re-
gions of the sheets are plotted in Fig. 2(b), and the largest curvature at
the center of the waterdrop-shaped region is measured and plotted

Fig. 1. Illustration of folding procedure.

Fig. 2. (a) The deformed sheet with d = 30 mm and the profiles of AA′ at varying d, (b)
the waterdrop-shaped regions of AA′ (Zoomed-in) at varying d, and (c) the curvature of
the waterdrop-shaped region of AA′ vs. d after step 1 folding.
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against d in Fig. 2(c). The curvature is found to be decreased as d in-
creases, and the relationship between them is approximately linear with
a high coefficient of determination =R 0.97542 .

In step 2 folding, both folding paths deform. Taking the sheet with d
= 30 mm as an instance, when the sheet is folded about path AA′, the
waterdrop-shaped region is flattened and bent into a U-shape as illu-
strated in Fig. 3(a), and a local vertex is formed around the intersection
point. The deformed profiles of path BB′ are shown in Fig. 3(b), and the
largest curvature at the center of the bent region is drawn with respect
to d in Fig. 3(c). Again, a linear-like relationship exists between the two
parameters with a coefficient of determination =R 0.92672 .

In addition, we have also found that the final shape of a sheet after
step 2 folding depends on its thickness. This phenomenon is demon-
strated through analyzing a number of sheets with d fixed to 30 mm but
t varying between 0.1 mm and 1 mm at an interval of 0.1 mm. Three
types of shapes are observed as illustrated in Fig. 4(a-c). When

≤t 0.3mm, a sheet cannot be folded compactly as a triangular surface is
formed. The deformed shape of a sheet with =t 0.3mm is shown in
Fig. 4(a) as an instance. The triangular surface disappears when t sur-
passes 0.3 mm. Then two kinds of vertices, a sharp point-like vertex and
a smooth arc-like vertex, could be formed, which are respectively
shown in Fig. 4(b) in the case of =t 0.4mm and 4(c) in the case of

=t 0.6mm. Numerical results indicate that when 0.3 mm< t<0.5

mm, a point-like vertex will occur, and when ≥t 0.5mm, an arc-like
vertex will appear.

The non-compact mode in Fig. 4(a) is undesirable for the purpose of
packaging and should therefore be avoided in practice. A partially
folded configuration of the non-compact sheet in Fig. 4(a) is drawn in
Fig. 4(d). It can be seen that two creases in yellow occur as opposed to
the desired crease location in blue, which lead to the triangular surface.
A qualitative explanation is that the formation of creases is driven by
the distal rigid bodies 1, 4, 7, 10 and 3, 6, 9, 12. When a sheet is very
thin and soft, it is not able to pass on enough bending moments to the
desired crease location, thereby leading to the two yellow creases.
Correspondingly, a simple solution is to reduce d so that the desired
crease is shorter and easier to form. As also shown in Fig. 4(d), the
triangular surface reduces with d. When d is decreased to 28.4 mm, the
desired crease is formed and a compact folding is obtained. If a thinner
sheet is to be compactly folded, a smaller value of d is required to
eliminate triangular surfaces. Numerical results show that the max-
imum value of d to ensure compact folding is 23.4 mm when =t 0.2mm,
and 14.3 mm when =t 0.1mm.

3.2. Stress distribution

A sheet with t = 0.5 mm and d = 30 mm is first studied as an
instance. The Von Mises stress contour on the undeformed shape of the
sheet after step 1 folding is presented in Fig. 5(a). To facilitate analysis,
six horizontal paths (denoted by AnAn′) parallel to the X-axis and six
vertical ones (denoted by BnBn′) parallel to the Y-axis are defined on
the undeformed shape of the sheet, and the distance between adjacent
paths is selected as 15 mm. The stresses along those paths are extracted
and drawn in Fig. 5(b) and (c). As expected, a symmetric stress dis-
tribution about path BB′ is observed, and the stress in the middle area,
where the folding crease is formed, is generally higher than those on the
left and right hand sides. Moreover, for the paths crossing rigid bodies,
e.g., AA′, A3A3′, B2B2′, B3B3′, a significantly larger stress occurs on the
spots of the rigid bodies. This is understandable as the rigid bodies
control the folding motion and therefore unavoidably incur stress
concentration.

When the sheet is cross folded, the Von Mises stress contour on the
undeformed shape of the sheet is depicted in Fig. 6(a). Notice that since
the stress distributions around the intersection point is of primary in-
terest, only the stresses along the horizontal and vertical paths in the
central 40 × 40 mm area are plotted in Fig. 6(b) and (c), respectively.
Generally, the symmetry in stress distribution that is observed after step
1 folding is still preserved. In addition, a high stress area is formed in
the neighborhood of the intersection point O. The node with the peak
stress, =σ 2.276MPamax , is highlighted by the red dot in the zoomed
area in Fig. 6(a). Notice that this node does not coincide with the

Fig. 3. (a) The deformed sheet with d = 30 mm, (b) the profiles of BB′ at varying d, and
(c) the curvature of the bent region of BB′ vs. d after step 2 folding.

Fig. 4. Cross folded sheets with identical d = 30 mm, but different thicknesses (a) t =
0.3 mm, (b) t = 0.4 mm, (c) t = 0.6 mm, and (d) partially folded configurations of sheets
with identical t = 0.3 mm, but varying d.

J. Ma et al. Thin-Walled Structures 123 (2018) 155–161

157



intersection point O, but stays very close to it. Considering that the
tensile strength of silicon rubber is between 2.4 MPa and 5.5 MPa [19],
the peak stress of the sheet is close to the lower bound and hence has
potential to cause permanent material deformation.

3.3. Effects of geometric parameters on peak stress

The above analysis has demonstrated that a peak stress will occur in
the neighborhood of the intersection point of the two folding creases
after step 2 folding. And this peak stress is of concern since it is most
likely to cause material plastic deformation. To investigate the effects of
geometrical parameters on peak stress, a series of sheets are built and
analyzed, with t varying between 0.3 mm and 0.9 mm at an interval of
0.1 mm and d varying from 20 mm to 30 mm at an interval of 2.5 mm.
The σmax of all the sheets are extracted and drawn in Fig. 7. It can be
seen that when ≤t 0.6mm, the σmax surface is relatively smooth. And
two trends hold in general: first of all, σmax increases with t, which is
understandable as the maximum stress in bending increases with ma-
terial thickness; and secondly, when t is fixed, the effect of d on σmax is
rather weak, suggesting that only the geometry of the sheet plays a
major role in determining σmax . When >t 0.6mm, the surface shows a
clear sign of disturbance, which is possibly due to the random location
of σmax occurring in the sheet. A more detailed analysis is required to
fully understand the peak stress in this range.

Fig. 5. (a) Von Mises stress contour on the undeformed sheet, (b) stress distributions
along horizontal paths, and (c) stress distributions along vertical paths after step 1
folding.

Fig. 6. (a) Von Mises stress contour on the undeformed sheet, (b) stress distributions
along horizontal paths, and (c) stress distributions along vertical paths after step 2
folding.

Fig. 7. The peak stresses of sheets with t varying between 0.3 mm and 0.9 mm, and d
varying between 20 mm and 30 mm.
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4. Peak stress relief methods

It has been shown in the previous section that a cross folded sheet
has severe stress concentration and may therefore lead to permanent
material deformation. In this section, two methods are proposed and
compared to find out an effective way of reducing peak stress in this
area.

4.1. Central hole method

A straightforward method to reduce peak stress is to make the
central area of a sheet hollow by cutting a circular hole, whose center is
coincident with the sheet's center O, see Fig. 8(a). To test this method,
three sheets with identical d = 30 mm and t = 0.5 mm, but varying
hole diameters d0 of 1 mm, 2 mm, and 4 mm, are built and analyzed.
The Von Mises stress contours of the sheets without a hole and with a
hole of d0 = 1 mm are drawn in Fig. 8(b) as instances. And the stress
distributions along path AA′ and BB′ in the four cases are respectively
plotted in Fig. 8(c) and (d). As expected, the nodes on the edge of a hole
experience a significant decrease in stress. However, a new peak stress
appears in the neighborhood. Moreover, the σmax in a sheet with a hole
could exceed that in the corresponding sheet without a hole when the
hole diameter is small, see the case of d0 = 1 mm in Fig. 8(c) and (d).
The σmax drops when d0 further increases, with a reduction of 9.4%
being achieved in the case of d0 = 4 mm. Therefore, the hole in a sheet
cannot be too small for the purpose of lowering peak stress. On the
other hand, the hole cannot be too big to prevent that too much ma-
terial is removed from the sheet. So there is a trade-off between the
introduced peak stress and the size of the hole.

To investigate the influences of geometrical parameters on the peak
stress relief effect, a number of sheets with an identical hole of d0 =
4 mm, but t varying between 0.3 mm and 0.9 mm at an interval of
0.1 mm and d varying from 20 mm to 30 mm at an interval of 2.5 mm,
are analyzed, and their peak stresses are plotted in Fig. 9 together with
the corresponding intact sheets without a hole. Different from the result
for the intact sheets, the sheets with a hole form a relatively smooth
σmax surface during the entire range. This result indicates that the in-
troduction of geometric discontinuity in a sheet helps to reduce the
degree of randomness and leads to a more predictable response, which
is preferable from the design point of view. The two trends observed in
the case of intact sheets, i.e., σmax increases with t and only very weakly
depends on d, are still preserved. This is also a desirable feature as σmax
can be estimated purely based on sheet geometry.

Regarding peak stress reduction, it can be seen that the σmax is
generally lower than those of the corresponding intact sheets, but the
percentage of reduction varies significantly from 2.5% to 30.1%. This is

Fig. 8. (a) Illustration of the central hole method, (b) Von Mises stress contours of sheets
without a hole and with a hole of d0 = 1 mm, respectively, (c) stress distributions along
AA′, and (d) stress distributions along BB′ of sheets without a hole and with a hole of d0 =
1, 2, 4 mm, respectively, after step 2 folding.

Fig. 9. Comparison of the peak stresses of sheets with a hole of d0 = 4 mm and sheets
without a hole.
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mainly caused by the disturbance of the σmax surface of the intact
sheets.

4.2. Central slit method

Similar to the central hole method, the central slit method also in-
volves making a cut at the central area of a sheet, but with a different
shape. A slit cut composed of a slim rectangle and one small circle at
each end is illustrated in Fig. 10(a). The small circles are present to
avoid formation of very sharp corners at the ends.

Two kinds of silts, a horizontal one along path AA′ and a vertical
one along path BB′, are considered. Two sheets with identical d =
30 mm and t = 0.5 mm, but different slit orientations are analyzed and
compared with the corresponding intact one without a slit. The di-
mension of the slit are as follows: slit length l0 = 4 mm and hole dia-
meter d1 = 2 mm. The Von Mises stress contours of the two models are
presented in Fig. 10(b), and the stress distributions of them along AA′
and BB′ are respectively drawn in Fig. 10(c) and (d) along with the
corresponding intact sheet. The results show that the effects caused by
the two kinds of slits are quite different. The horizontal slit decreases
the stress in the area close to it. However, it leads to a significant in-
crease in stress at one end of the slit as shown in Fig. 10(c), resulting in
an increase in σmax by 26.3%. The vertical slit, in contrast, reduces the
σmax by 33.6% as shown in both Fig. 10(c) and (d). Therefore, a vertical
slit is deemed more effective than a horizontal one.

From the design point of view, it is beneficial to minimize hole
diameter and vertical slit length. A number of sheets, which had

identical d = 30 mm and t = 0.5 mm, but varying d1 between
0 and 2 mm and l0 between 4 and 8 mm, are analyzed, and the peak
stresses are drawn in Fig. 10(e). As expected, a slit without holes, i.e., d1
= 0, actually leads to an increase in σmax . Moreover, the holes need to
reach a certain size, 2 mm in the study here, in order to achieve a
substantial peak stress relief. Regarding slit length, the peak stress is
found to be insensitive to slit length within the range studied here. And
therefore no further increase in slit length beyond 4 mm is desired.

The influences of geometrical parameters on the peak stress re-
duction effect by a vertical slit are also investigated through a series of
sheet with an identical vertical slit of l0 = 4 mm and d1 = 2 mm, but
varying t between 0.3 mm and 0.9 mm at an interval of 0.1 mm and d
between 20 mm and 30 mm at an interval of 2.5 mm. Their peak
stresses are extracted and plotted in Fig. 11 together with those of the
corresponding intact sheets. Similar to the result of the central hole
method, the σmax surface also becomes relatively smooth, again con-
firming the effect of geometries discontinuity in a sheet. Moreover, a
σmax reduction of 5.7–34.2% is achieved. Compared with the central
hole method, the central slit method has a smaller hole diameter when a
similar σmax reduction is achieved, which might be preferable for design
purpose as less material needs to be removed. In the study here, a 50%
less material removal is achieved by the vertical slit.

5. Conclusion

In this paper, the cross folding of a flat elastic sheet was numerically
studied to investigate the deformation and stress of the sheet. It is found

Fig. 10. (a) Illustration of the central slit method, (b) Von Mises stress contours of sheets with a horizontal slit and with a vertical slit, respectively, (c) stress distributions along AA′, (d)
stress distributions along BB′ of sheets without a slit, with a horizontal slit, and with a vertical slit, respectively, after step 2 folding, and (e) peak stresses of sheets with a vertical slit and
varying d1 and l0.
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that a vertex forms and brings singularity to the system, which leads to
local stress concentration. The peak stress can be reduced by decreasing
shell thickness. However, it is shown that the thickness cannot be too
small as the sheet may not be folded up compactly as it should be. Two
peak stress relief methods, the central hole method and the central slit
method, are proposed and analyzed, and a central slit which is oriented
parallel to the folding crease that is folded first is found to be most
effective with minimal material removal.

The sheets in the study are created with a certain material. The work
can be extended to sheets with various materials. In addition, the
folding of more practical curved surfaces will also be pursued in the
future.
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