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a b s t r a c t
Origami is able to create a 3D sculpture by folding a piece of paper by following the crease
lines, which can be mountain or valley folds. Rigid origami is a subset of origami in which
the panels, that are surrounded with the creases, do not stretch or bend during its folding sequence, but only rotate about the creases. Besides geometric design parameters, the
mountain-valley fold assignments also affect the rigid-foldability of origami patterns. This
paper proposes a general kinematic method to analyze the rigid-foldability of origami patterns by modelling them as assemblies of spherical linkages. The double corrugated pattern is taken as the study case. We ﬁrst investigate the rigid-foldability of all possible
mountain-valley fold assignments that can satisfy the condition of ﬂat-foldability. Subsequently, we explore different rigid-foldable tessellations of the double corrugated patterns.
This work will offer an in-depth understanding of the effect of mountain-valley folds on
the rigid-foldability of origami patterns.
© 2018 Elsevier Ltd. All rights reserved.

1. Introduction
Origami, a traditional art of folding paper, is eﬃcient in generating 3D structures from 2D materials. This striking feature
has attracted researchers from different ﬁelds including mathematicians, physicists, engineers, etc., due to its great potentials
in practical applications. For example, the Miura-ori pattern can be utilised for a large deployable solar panel in space
[1]. Medical devices such as deployable stents for minimum invasive surgery [2] and expandable robotic wheels [3] are
both based on the waterbomb origami pattern. In addition, the excellent design ﬂexibility of origami owing to its vast
variety of geometric parameters has triggered increasing interest in origami-based metamaterials with intriguing mechanical
properties such as negative Poisson’s ratio [4], tuneable stiffness [5], shape reconﬁguration [6,7], bi-stability [8,9] and multistability [10].
Flat-foldability and rigid-foldability of origami patterns are two independent aspects in origami research. A ﬂat-foldable
pattern can be folded into a ﬂat conﬁguration overlapped layer by layer to achieve a compact folding, which greatly facilitates transportation and storage. The ﬂat-foldable conditions of the crease pattern have been studied intensively. Hull
explored the possibilities of graph-theoretic models and studied the properties of origami models which fold ﬂat [11]. Previous research also showed the complexity of a ﬂat origami and the assignment of mountain and valley folds for a ﬂat-foldable
origami pattern [12,13]. To tackle this problem, Schneider formulated a rigorous deﬁnition of ﬂat-foldability mathematically
[14]. By deriving the identity of functions from the formula for degree-4 single-vertex origami, which is referred to as the
∗
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vertex with four creases, Tachi proposed an algorithm to achieve developability and ﬂat-foldability for origami patterns [15],
and developed computer based interactive simulation tools [16].
On the other hand, rigid origami is a special family of origami. In the folding process, the panels, that are surrounded
with the creases, only rotate about the creases without deformation. This characteristic enables construction of origami
structures with stiff materials, leading to the design of structures which can be folded repeatedly. Essentially, the folding
process of a rigid origami can be considered as a mechanism motion by taking the panels as rigid links and the creases
as revolute joints [17]. A single-vertex pattern is equivalent to a spherical linkage as all the creases intersect at a vertex,
and a whole origami pattern can then be modelled as a network of spherical linkages [18]. Numerous approaches have
been proposed to judge the rigid-foldability of a given pattern, including numerical algorithms [15], the quaternions and
dual quaternions [19], and the matrix method [20]. Recently, kinematic theories have been applied in the analysis and
synthesis of rigid origami [21], including action origami [22], pop-up books [23], and origami carton [24]. According to the
relationship between origami and spherical linkages, the kinematics of spherical mechanisms facilitated the design of rigidfoldable origami patterns and structures [25–26]. In return, rigid origami also inspired invention of new overconstrained
linkages [27] and revolute chains [28].
Current study on rigid origami mainly focuses on the geometrical conditions of crease patterns, whereas little attention is
paid to the mountain and valley assignments. However, both ﬂat-foldability and rigid-foldability are determined not only by
the sector angles of a crease pattern, but also by the assignment of mountain (convex) and valley (concave) creases [29,30].
Hull developed recursive functions to count the number of valid mountain and valley assignments for a single vertex pattern
[31]. When studying the self-folding origami at any energy scale, Pinson et al. identiﬁed three classes of mountain-valley
choices that have widely varying ‘typical’ folding energies [32–34]. Although such physical method can be applied to both
rigid-foldable and non-rigid-foldable patterns, no accurate conclusion can be offered on the rigid-foldability of any origami
patterns.
Therefore, in this paper, we propose a kinematic method to study the effect of mountain-valley fold assignments on the
rigid-foldability of ﬂat-foldable origami patterns. Here the double corrugated pattern is taken as the study case because it
has more complicated mountain-valley fold assignments than Miura-ori, square-twist, or other typical periodic origami patterns. All the possible mountain-valley assignments for the basic units in the pattern are presented with the ﬂat-foldability
condition. The analysis on the rigid-foldability is conducted based on the kinematic models as the closed loops of spherical
linkages. Tessellations of the rigid-foldable double corrugated patterns are also explored.
2. Kinematics of a single vertex pattern
In rigid origami, a single vertex intersecting with at least four crease folds can be modelled as a spherical linkage in
kinematics. The number of crease folds is the number of revolute joints in the corresponding spherical linkage, i.e., a fourfold vertex is modelled as a spherical 4R linkage, a ﬁve-fold vertex is a spherical 5R linkage, etc.
For the double corrugated pattern shown in Fig. 1(a), all the crease lines with the unit length, consists two different
cases of vertices with the same set of four sector angles whose ﬂat-foldable condition is α + γ = β + δ = π . In vertices A, C,
and E, the parameters α , β , γ and δ are set in the counter-clockwise order, while in vertices B, D, and F, they are set in the
clockwise order. There are two different quadrilaterals in the general double corrugated pattern, which can be considered
as two basic units, unit P with vertices A, B, C, D, and unit Q with vertices A, B, E, F. Here, γ is taken as the minimum
angle among the four sector angles. According to Maekawa–Justin theory and Big-Little-Big Angle theorem [11], all possible
mountain and valley folds can be assigned to each unit. Notice that mountain and valley folds are relative to each other
depending on viewing them from the top or bottom of the paper. After removing such repeating ones, there are ten distinct
assignments for unit P as shown in Fig. 1(b), and six for unit Q as shown in Fig. 1(c).
Once all the units in the whole double corrugated pattern are with those sixteen mountain–valley assignments, it is
certain that the whole pattern is ﬂat-foldable. Then the next question is whether it is rigid-foldable. To answer this one, we
have to ﬁgure out whether the units are rigid-foldable ﬁrst. As shown in Fig. 2, each unit consists of four vertices, and each
vertex is of four creases which form a spherical 4R linkage. In rigid origami, by taking the paper panels as rigid links and
the creases as revolute joints, the question on the rigid-foldability of the units is transferred to analysis on the mobility of
a closed loop of four spherical 4R linkages shown in Fig. 2(a), which will be done next.
As mentioned above, there are two cases of vertices in the double corrugated pattern with sector angles α , β , γ and δ
setting to be counter-clockwise or clockwise. In kinematics, they have to be considered as two different cases of a spherical
4R linkage as shown in Table 1, named as cases I and II, respectively. Hence, vertices A, C, E are modelled as case I linkage
and B, D, F as case II linkage.
With Denavit and Hartenberg’s (DH) matrix method [35], the kinematic input-output relationship of these two linkages
can be found as Eqs. (1) and (2), respectively [36]. The detailed derivation can be found in Appendix A.
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Table 1
Four cases of the rigid-foldable origami pattern with only one four-crease vertex modelling kinematically as a spherical 4R linkage.
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Kinematic curvesa

Physical relationship

a

Case I1 , and Case I2 have the same
geometrical conditions.
Case I1 is the mirror of Case II1 .

Case I1 , and Case I2 have different
mountain and valley assignments.
Case I2 is the mirror of Case II2 .

Case II1 , and Case II2 have the same
geometrical conditions.
Kinematic curves of cases I1 and II1 are
rotational symmetry.
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Case

Case II1 , and Case II2 have different
mountain and valley assignments.
Kinematic curves of cases I2 and II2 are
rotational symmetry.

The curves are plotted with sector angles as α = 34π , β = π3 , γ = π4 , δ = 23π .
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Fig. 1. Double corrugated pattern and its pattern units. (a) A general double corrugated pattern with unit length for each crease line and sector angles α ,
β , γ and δ , and to make it ﬂat foldable, α + γ = β + δ = π , in which vertices A, C, E with α , β , γ and δ setting counter-clockwise and vertices B, D, F
with α , β , γ and δ setting clockwise. (b) Pattern unit P, containing four vertexes A, B, C, and D, has ten different mountain-valley assignments, in which
P1-P4 are rigid-foldable and P5-P10 are non-rigid-foldable. (c) Pattern unit Q, containing four vertexes A, B, E, and F, has six different mountain-valley
assignments, in which Q1-Q4 are rigid-foldable and Q5-Q6 are non-rigid-foldable.
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Here, θi is the bilateral angle on the crease. In general, −π ≤ θi < π . Yet, in origami, the paper cannot physically penetrate
through each other. So for the mountain fold, 0 ≤ θM ≤ π and for the valley fold, −π ≤ θV ≤ 0. Generally, the spherical 4R
linkage is one degree of freedom, i.e., one input angle can decide the rest three as the output. There are two sets of equations
in the kinematic input-output relationship for case I linkage, which correspond to two different input-output curves, cases
I1 and I2 , as shown in Table 1. A close look reveals that they present the motion paths of case I linkage with different
mountain-valley assignments. As γ is the minimum angle among the four sector angles, the creases of θ3 and θ4 must be
different. In case I1 , θ1 , θ2 , and θ4 are of the same crease while θ3 is the opposite. When θ1 , θ2 , and θ4 are mountain folds
and θ3 is valley fold, the folding path is a solid line in the ﬁrst quadrant with θ1 , θ2 are both positive. Certainly, the four
creases in this case I1 linkage can be all reversed with θ1 , θ2 , and θ4 valley folds and θ3 mountain fold, and then the folding
path is still on the solid line but in the third quadrant with θ1 , θ2 are both negative. Similarly, in case I2 , θ1 , θ2 , and θ3 are
of the same crease while θ4 is the opposite, and the folding path is the dash line. In the same manner, the curves in the last
two columns in Table 1 can be interpreted for case II1 and II2 linkages, where the curves are the relationship between θ3
and θ4 whose signs are always opposite. It is interesting to note that each curve in Table 1 is two-fold rotational symmetric
to itself, and the combination of cases I1 and II1 or cases I2 and II2 is four-fold rotational symmetric under a ﬂat-foldable
condition, where α + γ = β + δ = π is meet, which is proven in Appendix B.
3. Double corrugated pattern and its rigid-foldability
A pattern unit normally consists of one rigid polygon in the center connected with other polygons around through the
vertices and crease lines. So it can be modelled kinematically as a closed loop of spherical linkages, which is corresponding
to the vertices in the unit. If this closed loop of spherical linkages is mobile, then the pattern unit is rigid-foldable.
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Fig. 2. The rigid-foldability of pattern unit P1. (a) The origami pattern and the corresponding kinematic model as closed loop of four spherical 4R linkages.
(b) the geometry and mountain-valley assignment of vertices A, B, C, and D, and their kinematic curves. (c) the analysis procedure of the kinematic motion
transmission path for the linkage closed loop and its compatibility.
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Considering one pattern unit with four vertices, each of which consists of four creases, every adjacent two vertices share
one common crease. In rigid origami, the common crease has an identical bilateral angle for the vertices on the two ends.
Taking unit P1 as an example, its kinematic model is shown in Fig. 2(a), in which there are four spherical 4R linkages with
joints AB, BC, CD, and DA as the common joints to form the closed loop. Thus, we have

θ2a = θ3b , θ4b = θ1c , θ2c = θ3d , and θ4d = θ1a

(3)

on these four common joints (or creases). The kinematic motion transmission path for the closed loop is

,

(4)

which is satisﬁed only when the loop is mobile with one DOF or the origami pattern is rigid-foldable. To prove this, ﬁrst
assume that joint a1 and joint d4 are not connected physically. Then an arbitrary rotation input at joint a1 can be transferred
through linkages A, B, C, D in sequence to generate a rotation output at joint d4 . If θ4d = θ1a is always satisﬁed, the input at
joint a1 always equals to the output at joint d4 . Therefore, when these two joints are connected to form a closed loop, the
rotation of joint a1 can still cause all the joints to move. In other words, the loop of linkages ABCD in Fig. 2(a) is mobile
with one DOF. Hence, Eq. (4) is also called the compatibility condition of the loop.
Therefore, the kinematic analysis on the rigid-foldability of this unit pattern is in fact to study whether the compatibility
of the closed loop of the four spherical 4R linkages is satisﬁed, which includes following three steps.
First, by comparing the origami unit and the kinematic model in Fig. 2(a), we can determine the geometric parameters
of these spherical 4R linkages as follows.
a
V ertex A: α12
= α,

a
a
a
α23
= β , α34
= γ , α41
= δ;
b
b
b
V ertex B: α = α , α23 = δ, α34 = γ , α41 = β ;
c
c
c
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= δ;
V ertex C : α = α , α23
d
d
d
V ertex D:α = α , α23 = δ, α34 = γ , α41 = β .
b
12
c
12
d
12

Second, is to decide which case of the spherical 4R linkage in the Table 1 one vertex linkage belongs to and to determine
its corresponding kinematic curve. For vertex A, the geometric parameter is the same as case I in Table 1. At the same time,
θ1 , θ2 , and θ4 are mountain folds, and θ3 is the valley fold. Hence, it belongs to case I1 . Taking θ1a as an input and θ2a as an
output, the kinematic motion transmission of vertex A starts from θ1a to θ2a (marked as θ1a → θ2a ), both are mountain folds,
so the folding path is the solid line in the ﬁrst quadrant with θ1a , θ2a are both positive. In the same way, the kinematic curves
of vertices B, C, and D can be found as shown in Fig. 2(b).
Third, is to set up the kinematic motion transmission path for the closed loop and check for its compatibility. As demonstrated in Fig. 2(c), for any given input 0 ≤ θ1a ≤ π , through the kinematic curve of vertex A obtain in Fig. 2(b), the output
θ2a can be found (θ1a → θ2a ). Because θ2a and θ3b are on the same crease with an identical rotation, so θ2a = θ3b . In such a way,
the rotation is transmitted to vertex B with θ3b as input and θ4b as output (θ3b → θ4b ). Subsequently, through vertices C and D,
θ4d is reached as the ﬁnal output. As known that the spherical 4R linkage is one degree of freedom, the motion transferred
from θ1a to θ4d is surely one degree of freedom. To make the linkage loop closed, θ4d = θ1a is an extra compatibility condition
and will not satisﬁed automatically. For this example of P1 in Fig. 2(c), it can be found that θ4d = θ1a is satisﬁed, shown as
the red arch in the ﬁfth ﬁgure, which is due to the symmetric property of the kinematic curves between cases I1 and II1 for
vertices A, C and B, D. Therefore, we can conclude that P1 is rigid-foldable.
With the above procedure, for any pattern, taking θ1a as the initial input of the four-linkage loop and θ4d as the ﬁnal
output, if the compatibility condition, θ4d = θ1a , is satisﬁed as shown in Figs. 3(b)–(e), then the pattern units P1-P4 are
rigid-foldable with one degree of freedom. Otherwise, θ4d = θ1a , as shown in Figs. 3(f)–(k), then units P5-P10 are non-rigidfoldable. Due to the four-fold symmetric property of the kinematic curves, it can be found that in P1, all four vertices are
in the identical conﬁguration but with different orientations. The same property also applies to unit P4. In P2, vertices A, D
move in the identical conﬁguration and B, C are in another identical conﬁguration, while in P3, vertices A, B and C, D also
form two pairs of identical conﬁgurations. Certainly in the non-rigid-foldable units, such properties do not exist.
Similarly, the vertices of unit Q can also be modelled as spherical 4R linkages shown in Fig. 4 with sector angles α , β , γ
and δ set to be counter-clockwise or clockwise, in which vertices A and E are of case I in Fig. 4(a), and vertices B and F are
of case II in Fig. 4(b). By using Eqs. (1) and (2), the kinematic input-output curves of the two linkages are plotted in Fig. 4.
Note that each linkage has two conﬁgurations and therefore results in two input-output curves.
With each vertex being modelled as a spherical 4R linkage, the whole unit forms a closed loop of four spherical 4R
linkages which is shown in Fig. 5(a). The judgment on the rigid-foldability of the unit is equivalent to the analysis on the
compatibility condition of this closed loop. With the commonly shared creases, we have

θ3f = θ2e , θ3e = θ2b , θ3b = θ2a , and θ3a = θ2f .
The compatibility condition of this closed loop of four spherical 4R linkages, F, E, B, A in Fig. 5(a), is represented as

(5)
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Fig. 3. Rigid-foldability of pattern unit P. (a) the kinematic model of unit P is a closed loop of four spherical 4R linkages. (b)-(k) The input-output paths
of unit P with ten different mountain-valley assignments. On the paths, points A, B, C, and D represent the conﬁgurations of four spherical 4R linkages
in the closed loop and θ ’s are the input/output sector angles. Taking θ1a as the initial input of the four-linkage loop and θ4d as the ﬁnal output, if the
compatibility condition, θ4d = θ1a marked as the red arch is met, the pattern unit (P1-P4) is rigid-foldable with one degree of freedom; otherwise, the
pattern unit (P5-P10) is non-rigid-foldable.
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Fig. 4. Motion of the rigid-foldable origami pattern with only one four-crease vertex, which is kinematically a spherical 4R linkage. (a) Two sets of conﬁgurations and input-output curves (θ2 vs. θ3 ) of case I linkage with α , β , γ and δ setting counter-clockwise, which corresponds to vertices A and E. (b) Two
sets of conﬁgurations and input-output curves (θ2 vs. θ3 ) of case II linkage with α , β , γ and δ setting clockwise, which corresponds to vertices B and F. All
the curves are plotted with sector angles as α = 34π , β = π3 , γ = π4 , δ = 23π .

.

(6)

It has been mentioned that linkages A and E are of case I in Fig. 4(a) and (b), F are of case II in Fig. 4(b), then the
motion curves in Fig. 4 can be used to determine the rigid-foldability of the pattern unit. Taking unit Q1 in Fig. 1(c) as an
instance, from the mountain-valley assignments of the vertices, we can ﬁnd their corresponding motion curves in Fig. 4. In
vertex A, θ1a , θ2a , θ4a are valley folds and θ3a is a mountain fold, so its kinematic curve is the second quadrant path of case
I1 . The motion curves of vertices B, E, F are the third quadrant path of case I2 , the fourth quadrant path of case I1 , and the
ﬁrst quadrant path of case I2 , respectively. Combining these four curves together, the completed motion path of pattern unit
Q1 is formed as Fig. 5(b). Note that the motion path of unit Q1 is four-rotational symmetric, which can be proven through
the approach presented in Appendix B. Using the input-output path in Eq. (6), we can allocate the instant conﬁgurations
f
of linkages F, E, B, A. Taking θ2 as an initial input of the four-linkage loop and θ3a as the ﬁnal output, with the similar
analysis as we did to unit P1, we can get that θ2 = θ3a is satisﬁed for unit Q1 at all conﬁgurations on the path. Therefore, it
is rigid-foldable.
Using the same approach, we can also prove that pattern units Q2-Q4 are rigid-foldable with one degree of freedom. For
f
unit Q5 and Q6, θ2 = θ3a is not met, and therefore they are non-rigid-foldable.
f

4. Discussion on the tessellations of double corrugated patterns
The general periodic origami pattern is formed by tessellating identical or different pattern units. The critical condition
for the successful tessellation is that the mountain and valley folds between the adjacent units are compatible with each
other. Hence, there will be many mountain-valley assignments by combining ten P-units and six Q-units for the double
corrugated pattern. Here we only discuss three examples.
The double corrugated pattern originally referred to in art and mathematics, Fig. 6(a), is formed with unit P2 and Q1,
both of which are rigid-foldable, so the whole pattern is rigid-foldable with one degree of freedom. If one of the units in
the pattern is non- rigid-foldable, the whole pattern will be non-rigid-foldable, see Fig. 6(b) with non-rigid-foldable unit
P6 and Q6. Once different rigid-foldable units, P1-P4 and Q1-Q4, are mixed together, we can create many varieties of the
double corrugated pattern with rigid-foldability, one of which is shown in Fig. 6(c). By comparing patterns in Figs 6(b) and
(c), both consist of two P1 units and two P2 units, but the intermedius units are different. A close look reveals that the unit
P2 in the top corner in two examples are in different orientation by switching the mountain and valley creases. To make
the crease assignments compatible, non-rigid-foldable units P6 and Q4 marked in blue in Fig. 6(b) are replaced by the rigid
units P3 and Q2 marked in red in Fig. 6(c). All the units in the pattern of Fig. 6(c) is rigid-foldable, subsequently, the pattern
is rigid-foldable.
Therefore, rigid-foldable and non-rigid-foldable origami patterns based on identical geometric design parameters can be
easily obtained just by altering assignments of mountain-valley creases.
5. Conclusions and discussion
We have proposed a kinematic method to accurately study the rigid-foldability of origami patterns. For any pattern units,
the multiple vertices around one rigid polygon can be modelled as a closed loop of spherical linkages, in which the number
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Fig. 5. (a) Rigid-foldability of pattern unit Q, which is kinematically equivalent to the closed loop of four spherical 4R linkages. (b)-(g) The input-output
paths of unit Q with six different mountain-valley assignments. On the paths, points F, E, B, and A represent the conﬁgurations of four spherical 4R
linkages in the closed loop and θ ’s are the input/output sector angles. Taking θ2f as the initial input of the four-linkage loop and θ3a as the ﬁnal output, if
the compatibility condition, θ2f = θ3a marked as the red arch is met, the pattern unit (Q1-Q4) is rigid-foldable with one degree of freedom; otherwise, the
pattern unit (Q5-Q6) is non-rigid-foldable.
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Fig. 6. Various tessellations and metamaterials of the double corrugated pattern. (a) The original double corrugated pattern commonly used in origami art
with pattern units P2 and Q1. (b) The tessellation consists of rigid-foldable and non-rigid-foldable units to make it a non-rigid-foldable pattern. (c) The
tessellation consists of only rigid-foldable units to make it a rigid-foldable pattern.

of crease folds meeting at each vertex is the number of revolute joints in the respective spherical linkage. If the spherical
linkage loop is kinematically compatible with mobility, the corresponding crease pattern is said to be rigid-foldable.
When different mountain-valley assignments are applied, we have investigated the rigid-foldability of double corrugated
origami patterns with the newly proposed kinematic method. Under the condition of ﬂat-foldability, mountain and valley
folds can be assigned to the creases of origami patterns or their basic units. The kinematics of closed loop of spherical
linkages can be applied to analyze the rigid-foldability of the patterns. Once α + γ = π and β = δ = π /2, the unit Q degenerates into the unit of square-twist pattern. Hence, we can analyse the rigid-foldability of square-twist pattern in the same
method. Furthermore, for the origami patterns formed from the tessellation of their corresponding units, we have found that
the rigid-foldability of the whole depends not only on the rigid-foldability of the units but also the compatibility among the
units in the same pattern. This kinematic method certainly can be applied to any other origami patterns.

R. Peng et al. / Mechanism and Machine Theory 128 (2018) 461–474

471

Acknowledgement
This work was supported by National Natural Science Foundation of China projects no. 51721003, 51575377.
Supplementary materials
Supplementary material associated with this article can be found, in the online version, at doi:10.1016/j.mechmachtheory.
2018.06.012.
Appendix A. Kinematics of spherical 4R linkage
An origami vertex can be seen as a spherical 4R linkage, and the coordinate frames on the links and joints in a spherical
4R linkage can be set up as that shown in Fig. A1 following the DH notations [27]. In the ﬁgure, Zi is the coordinate axis
along the revolute axis of joint i. Xi+1 is the coordinate axis normal to both Zi and Zi+1 . θi is the revolute variable of the
linkage, which is the angle of rotation from Xi to Xi+1 , positively about Zi . And αi(i+1 ) is the twist of link i(i + 1 ), which is
the angle of rotation from Zi to Zi+1 , positively along axis Xi+1 . When i + 1 > 4, it is replaced by 1. The closure compatible
condition of this linkage is

Q 12 · Q 23 · Q 34 · Q 41 =I3
where


Q i(i+1) =

cos θi
sin θi
0

− cos αi(i+1) sin θi
cos αi(i+1) · cos θi
sin αi(i+1)

(A1)



sin αi(i+1) sin θi
− sin αi(i+1) cos θi .
cos αi(i+1)

From Eq. (A1), the relationships between kinematic variables θi and θi+1 (i = 1, 2, 3, 4) can be obtained as

cos α23 · sin α41 · sin α12 · cos θ1 + cos α41 · sin α12 · sin α23 · cos θ2
+ cos α12 · sin α23 · sin α41 · cos θ1 · cos θ2 − sin α23 · sin α41 · sin θ1 · sin θ2
+ cos α34 − cos α12 · cos α23 · cos α41 = 0;

(A2a)

cos α34 · sin α12 · sin α23 · cos θ2 + cos α12 · sin α23 · sin α34 · cos θ3
+ cos α23 · sin α12 · sin α34 · cos θ2 · cos θ3 − sin α12 · sin α34 · sin θ2 · sin θ3
+ cos α41 − cos α12 · cos α23 · cos α34 = 0;

(A2b)

cos α41 · sin α23 · sin α34 · cos θ3 + cos α23 · sin α34 · sin α41 · cos θ4
+ cos α34 · sin α23 · sin α41 · cos θ3 · cos θ4 − sin α23 · sin α41 · sin θ3 · sin θ4
+ cos α12 − cos α23 · cos α34 · cos α41 = 0;
cos α12 · sin α34 · sin α41 · cos θ4 + cos α34 · sin α41 · sin α12 · cos θ1

Fig. A1. A general spherical 4R linkage with four geometric parameters α12 , α23 , α34 , α41 .The axes of all the revolute joints meet at a point.

(A2c)
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+ cos α41 · sin α12 · sin α34 · cos θ4 · cos θ1 − sin α12 · sin α34 · sin θ4 · sin θ1
+ cos α23 − cos α12 · cos α34 · cos α41 = 0;

(A2d)

A further simpliﬁcation leads to

cos α(i+1)(i+2) · sin α(i−1)i · sin αi(i+1) · cos θi + cos α(i−1)i · sin αi(i+1) · sin α(i+1)(i+2) · cos θi+1

+ cos αi(i+1) · sin α(i+1)(i+2) · sin α(i−1)i · cos θi · cos θi+1 − sin α(i+1)(i+2) · sin α(i−1)i · sin θi · sin θi+1

+ cos α(i+2)(i+3) − cos αi(i+1) · cos α(i+1)(i+2) · cos α(i−1)i = 0.

(A3)

Considering that the sector angles are complementary in each vertex of the double corrugated pattern, α12 +

α34 =π , α23 + α41 =π in the spherical 4R linkage. Replacing Eq. (A3) by the trigonometric functions,
ti = tan
sin θi =

θi
2

, ti+1 = tan

θi+1
2

,

1 − ti2+1
1 − ti2
2ti
2ti+1
,
cos
θ
=
,
sin
θ
=
,
cos
θ
=
.
i
i
+1
i
+1
1 + ti2
1 + ti2
1 + ti2+1
1 + ti2+1

Eq. (A3) can be further simpliﬁed to

tan θ2i
tan

=

θi+1
2

− sin α(i+1)(i+2) ± sin αi(i+1)
.
sin(α(i+1)(i+2) + αi(i+1) )

(A4)

The kinematic condition of spherical 4R linkage requires

tan θ22 tan θ23 tan θ24
·
·
·
= 1.
tan θ22 tan θ23 tan θ24 tan θ21
tan θ21

(A5)

from which two solutions can be obtained

sin α23 −2 α12 tan θ22
sin α23 +2 α12
sin α23 +2 α12 tan θ23
sin α23 −2 α12 tan θ24
=
−
,
=
,
=
,
=
−
,
α
+
α
α
−
α
α
+
α
sin 23 2 12 tan θ3
sin 23 2 12 tan θ4
sin 23 2 12 tan θ1
sin α23 −2 α12
tan θ22
2
2
2

(A6a)

cos α23 −2 α12 tan θ24
cos α23 +2 α12
cos α23 −2 α12 tan θ22
cos α23 +2 α12 tan θ23
=
−
,
=
−
,
=
,
=
.
cos α23 +2 α12 tan θ3
cos α23 −2 α12 tan θ4
cos α23 +2 α12 tan θ1
cos α23 −2 α12
tan θ22
2
2
2

(A6b)

tan θ21
tan θ21

For the linkage case I, α12 = α and α23 = β , and Eq. (A6) becomes

cos β −2 α tan θ22
cos β +2 α tan θ23
cos β −2 α tan θ24
cos β +2 α
=
−
,
=
−
,
=
,
=
,
tan θ22
cos β +2 α tan θ23
cos β −2 α tan θ24
cos β +2 α tan θ21
cos β −2 α

(A7a)

sin β +2 α tan θ23
sin β −2 α tan θ24
sin β −2 α tan θ22
sin β +2 α
=
−
,
=
,
=
,
=
−
.
tan θ22
sin β +2 α tan θ23
sin β −2 α tan θ24
sin β +2 α tan θ21
sin β −2 α

(A7b)

tan θ21
tan θ21

For the linkage case II, α12 = α and α23 = δ , and Eq. (A6) changes to

sin δ −2α tan θ22
sin δ +2α
sin δ +2α tan θ23
sin δ −2α tan θ24
=
−
,
=
,
=
,
=
−
,
sin δ +2α tan θ23
sin δ −2α tan θ24
sin δ +2α tan θ21
sin δ −2α
tan θ22

(A8a)

cos δ −2α tan θ22
cos δ +2α tan θ23
cos δ −2α tan θ24
cos δ +2α
=
−
,
=
−
,
=
,
=
.
θ2
δ
+α
θ
δ
−α
θ
δ
+α
θ
3
4
1
cos 2 tan 2
cos 2 tan 2
cos 2 tan 2
cos δ −2α
tan 2

(A8b)

tan θ21
tan θ21

Appendix B. Rotational symmetry of the kinematic curves of spherical 4R linkage
If an object appears identical after a rotation of 180°, then it is said to have a two-fold rotational symmetry. Mathematically, this means that for a curve y = f (x ) to be two-fold rotational symmetric, the necessary and suﬃcient condition is
that for any arbitrary point (x0 , y0 ) on the curve which satisﬁes y0 = f (x0 ), the rotation of it by 180°, which is (−x0 , −y0 ),
is also on the same curve and therefore −y0 = f (−x0 ) holds. Consider the kinematic curves in Table 1 drawn from Eq. (S4),
any arbitrary point (θi , θi+1 ) on the curve satisﬁes

tan

θi+1
2

=

sin(α(i+1)(i+2) + αi(i+1) )
θi
tan ,
− sin α(i+1)(i+2) ± sin αi(i+1)
2

(A9)

Adding a negative sign on both sides of Eq. (A9)

− tan

θi+1
2

=

sin(α(i+1)(i+2) + αi(i+1) )
− sin α(i+1)(i+2) ± sin αi(i+1)



− tan

θi
2


,

(A10)
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Since − tan

tan

θi

= tan

2

θi+1
−θi
2 , − tan 2

= tan

−θi+1
2 ,

Eq. (A10) can be rewritten as

sin(α(i+1)(i+2) + αi(i+1) )
−θi
=
tan
,
− sin α(i+1)(i+2) ± sin αi(i+1)
2

−θi+1
2
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(A11)

Comparing Eq. (A11) and Eq. (A4), we can see that (−θi , −θi+1 ) is also on the curves, and therefore the curves drawn
from Eq. (A4) are two-fold rotational symmetric.
The deﬁnition of four-fold rotational symmetry is that an object repeats itself after 90° of rotation. Mathematically, this
means that a curve y = f (x ) of four-fold rotational symmetry, requires that for any arbitrary point (x0 , y0 ) on the curve
which satisﬁes y0 = f (x0 ), the rotation of it by 90°, which is (y0 , −x0 ), is also on the same curve and therefore −x0 = f (y0 )
holds. Starting from the motion path in Fig. 3(b), it is composed of two curves. The black solid curve, i.e., the case I1 curve
in Fig. 2(a), can be expressed by the following equation from Eq. (A7a)

tan

θout
2

=−

cos β +2 α

θin

tan
,
2
cos β −2 α

(A12)

And the gray solid curve, i.e., the case I2 curve in Fig. 2(b), can be expressed by the following equation from Eq. (A8a)

tan

θout
2

=

sin δ +2α

θin

tan
,
2
sin δ −2α

(A13)

First consider an arbitrary point (θx , θy ) on the black solid curve, and following relationship can be obtained from
Eq. (A12)

tan

θy
2

=−

cos β +2 α

θx

tan ,
2
cos β −2 α

(A14)

Substituting β + δ = π into Eq. (A14)

tan

θy
2

=−

sin δ −2α

θx

tan ,
2
sin δ +2α

(A15)

Since − tan θ2x = tan −2θx , Eq. (A15) can be rewritten as

tan

sin δ +2α
θy
−θx
=
tan ,
2
2
sin δ −2α

(A16)

Comparing Eq. (A16) and Eq. (A13), it can be found that point (θy , −θx ) falls on the gray solid curve which is part of the
motion path.
Then consider an arbitrary point (θx , θy ) on the gray solid curve, and following relationship from Eq. (A13) is satisﬁed

tan

θy
2

=

sin δ +2α

θx

tan ,
2
sin δ −2α

(A17)

Substituting β + δ = π into Eq. (A17) and adding a negative sign on both sides

− tan

θy
2

=−

cos β −2 α
cos

β +α
2

tan

θx
2

,

(A18)

Since − tan θ2x = tan −2θx , Eq. (A18) can be rewritten as

tan

cos β +2 α
θy
−θx
=−
tan ,
β −α
2
2
cos

(A19)

2

Comparing Eq. (A19) and Eq. (A12), it can be found that point (θy , −θx ) falls on the black solid curve which is also part
of the motion path. To this point we have demonstrated that points (θx , θy ) and (θy , −θx ) are both on the motion path in
Fig. 3(b), and therefore the motion path is four-fold rotational symmetric.
Using the same approach, it can also be proven that the motion path in Fig. 3(e) is also four-fold rotational symmetric.
For the motion paths in Fig. 3(c) and (d), since they are actually combination of the curves in Fig. 3(b) and (e), they are
automatically four-fold rotational symmetric.
Having proven the four-fold symmetry of the motion paths of units P1-P4 in Fig. 3(b)–(e), the next step is to demonstrate
that the kinematic compatibility condition Eq. (4) is met at all conﬁgurations on the motion paths of P1-P4 to guarantee the
rigid-foldability of the units. The approach is that ﬁrst assuming any three of the four equations hold and then proving the
remaining one is also satisﬁed. First consider P1, point B is a rotation of point A by 90° and point D is a rotation of point C
by 90°, and the following relationships can be automatically obtained from the four-fold rotational symmetry

θ1a = −θ4b ,
θ1c = −θ4d ,

(A20)
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If we assume θ2a = θ3b , θ4b = θ1c , θ2c = θ3d , the following relationship can be worked out from Eq. (A20)

θ4d = θ1a

(A21)

To this point we have proven Eq. (4) is satisﬁed, and therefore P1 is rigid-foldable at all conﬁgurations. For P3 and P4,
Eqns. (S20) and (S21) also hold, and therefore they are also rigid-foldable at all conﬁgurations.
Then consider P2, since points C and A are respectively rotations of points B and D by 90°, the following relationships
can be automatically obtained from the four-fold rotational symmetry

θ3b = −θ2c ,
θ3d = −θ2a ,

(A22)

If we assume θ4b = θ1c , θ2c = θ3d , θ4d = θ1a ,the following equation can be obtained from Eq. (A22)

θ2a = θ3b ,

(A23)

Therefore Eq. (4) is satisﬁed, and P2 is rigid-foldable at all conﬁgurations.
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