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A B S T R A C T   

This paper proposes a novel parabolic cylindrical antenna with great folding efficiency based on 
two symmetrically arranged Miura-ori thick-panel origami patterns and the removal of partial 
material from each panel. A design rule for the transition from the given parabolic equation to the 
geometric parameters of the thick-panel origami is defined. To ensure that the deployable 
structure has one degree of freedom (DOF), specific connectors between the two thick-panel 
origami patterns are designed from spherical 4R linkages and Bennett linkages, which are veri-
fied by kinematic analysis based on the assembly of linkages corresponding to the thick-panel 
origami pattern. Two joint-removing techniques based on the kinematic equivalence of link-
ages are constructed to obtain the continuous and smooth parabolic cylindrical surface and 
maintain the one-DOF property. The deployed/folded ratio influencing factors are fully studied, 
finding that a small panel thickness and a large origami pattern sector angle are necessary to 
obtain a high deployed/folded ratio. Finally, a prototype of the deployable structure is manu-
factured to verify and demonstrate its excellent performance.   

1. Introduction 

A large antenna surface is needed to obtain high-precision observation images and large-bandwidth communications. Due to the 
limited volume of rocket fairings, the antenna should be foldable. Depending on whether the components are rigid or flexible, 
deployable antennas can be divided into rigid panel antennas and flexible antennas. Rigid panel antennas are made of foldable rigid 
panels that can easily ensure surface accuracy and have received much attention [1–7]. According to the antenna deployed shapes, 
there are two types: those with curved surfaces [8–12] and those with flat surfaces [1–5]. Folding the former is more challenging than 
the latter due to the complex geometry. Thompson Ramo Wooldridge Inc. (TRW) designed a parabolic antenna called “Sun-flower” [8], 
where the inner and outer panels are arranged like petals and the antenna looks like a flower during deployment. The German company 
Dornier and the European Space Agency (ESA) cooperatively designed the DAISY antenna [9] and MEA antenna [10], whose panels are 
distributed along a circle. The DSL Laboratory designed the SSDA antenna [11,12], which has a very special and complex structure 
with many joints. As the distribution of curvature of a paraboloid is two-dimensional, it is difficult to fold a paraboloid. In addition, 
parabolic antennas are rotationally symmetric, so they are difficult to be extendable. Due to the similarity of reflection property 
between parabolic cylinder and paraboloid, parabolic cylindrical antenna has attracted the attention of researchers [13–15], but the 

* Corresponding author at: School of Mechanical Engineering, Tianjin University, Tianjin 300350, China. 
E-mail address: xiao_zhang@tju.edu.cn (X. Zhang).   

1 Yuehao Zhang and Ming Li contributed equally to this work. 

Contents lists available at ScienceDirect 

Mechanism and Machine Theory 

journal homepage: www.elsevier.com/locate/mechmt 

https://doi.org/10.1016/j.mechmachtheory.2023.105233 
Received 7 September 2022; Received in revised form 25 November 2022; Accepted 4 January 2023   

mailto:xiao_zhang@tju.edu.cn
www.sciencedirect.com/science/journal/0094114X
https://www.elsevier.com/locate/mechmt
https://doi.org/10.1016/j.mechmachtheory.2023.105233
https://doi.org/10.1016/j.mechmachtheory.2023.105233
http://crossmark.crossref.org/dialog/?doi=10.1016/j.mechmachtheory.2023.105233&domain=pdf
https://doi.org/10.1016/j.mechmachtheory.2023.105233


Mechanism and Machine Theory 182 (2023) 105233

2

deployed/folded ratio is still small. 
Recently, origami has been widely used to design deployable space structures according to their high folding efficiency and 

abundant folding schemes, including solar panels [16,17], starshades [18], antennas [6,7,19], and astronomical telescopes [20]. Rigid 
origami is a subset of origami with rigid sheets rotating around crease lines, and no deformation occurs on the faces. Four or more 
crease lines that meet at a point will form a rigid origami vertex, which can be regarded as a spherical linkage by taking rigid sheets and 
creases as links and revolute joints, respectively. Rigid origami of multiple vertices is kinematically equivalent to the mobile assembly 
of spherical linkages [21,22]. Then, kinematic theories can be used to design and analyze origami-inspired deployable structures. 

To apply rigid origami to engineering, compact foldable thick-panel origami with no interference should be considered. Multiple 
techniques for constructing thick-panel origami have been proposed, such as the tapered panels technique [23], offsetting panel 
technique [24], split-vertex technique [25], rolling joint technique [26] and offsetting joints technique [27]. Some of the techniques 
result in holes at the vertices in the deployed configuration [23,24], some cannot form a flat surface when deployed [25], and some 
change the kinematic behavior of the original mechanism [25,26]. Among these, the technique of thick-panel origami based on spatial 
linkages proposed by Chen et al. [27] has solved the thick-panel problem by offsetting the revolute joints of thick panels along the 
direction of thickness. Meanwhile, spherical linkages at four-crease, five-crease, and six-crease zero-thickness origami vertices are 
replaced by 4R Bennett linkages [28], 5R Myard linkages [27], and 6R Bricard linkages [27,29,30], respectively, resulting in the same 
folding kinematic behavior as those of zero-thickness origami. The introduction of spatial linkage made the thick-panel origami more 
effective. Kinematic theories, including closed-loop explicit solution and screw theory can be used to analyze the degree of freedom 
and compatibility conditions of thick-panel origami units and their tessellations [7,19,28–30]. However, some offsetting joints form 

Fig. 1. The correspondence among four-crease zero-thickness origami, four-crease thick-panel origami and the Bennett linkage. (a) Crease pattern 
of single-vertex four-crease origami; (b) single-vertex four-crease zero-thickness origami; (c) the single-vertex four-crease thick-panel origami; (d) 
the partially enlarged form of (c). 
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stairs on the surface to satisfy the compatible conditions of the corresponding linkages when using the thick-panel origami unit to 
construct multi-vertex tessellation [28,30]. To solve this problem, Wang et al. proposed the thick-panel kirigami technique [31,32], by 
which the stairs on the surface are removed and some redundant constraints are released due to the removal of joints, providing a new 
idea for the design of deployable structures. 

To adapt to different applications, multiple thick-panel origami or kirigami patterns with flat surfaces or specifically shaped 
surfaces in deployed configuration have been constructed, e.g., flat [33], paraboloid [34], and cylinder [7,19]. Among them, some 
pillars and cables are arranged on the surface of the panels to approximate the required surface [34], and some vertices were made to 
fall on the target surface through geometric parameter design for approximate fitting [19], but in [7] the parabolic cylinder can be 
accurately fit by removing material from the panels. However, there are some issues in [7]. For example, some joints remain on the 
surface of the structure, which has a negative effect on the reflector antenna and wastes some areas of the surface. Therefore, it is 
necessary to remove the joints, the difficulty of which lies in maintaining the compatibility of the movement and the characteristics of a 
single degree of freedom. 

In order to construct a continuous and smooth surface of a parabolic cylindrical antenna, this paper proposed a novel deployable 
structure by assembling two identical Miura-ori thick-panel patterns in a mirror-symmetric way. A material removal method similar to 
[8] was employed to fit the parabolic cylinder, resulting in some stairs appearing on the surface. A joint-removing method proposed in 
[35] can remove partial stairs of a deployable structure with specific geometric parameters by removing joints. Since some stairs 
cannot be removed, other joint-removing methods should be further studied to remove all necessary joints. This paper is organized as 
follows: The deployable parabolic cylinder structure fit by Miura-ori thick-panel origami is proposed in Section 2. In Section 3, the joint 
removal of the deployable parabolic cylinder structure based on kinematically equivalent mechanisms is carried out. The influence of 
the parametric variation on the deployed/folded ratio and the kinematic property is analyzed in Section 4. The conclusions are 
presented with further discussion in Section 5. 

2. Construction of parabolic cylindrical structure based on Miura-ori thick-panel origami 

The Miura-ori pattern [36] is a one-DOF origami pattern composed of identical four-crease vertices with sector angles α and π − α, 
as shown in Fig. 1a and b, where creases with axes zi(i= 1,2, 3, 4) intersect at a point. Here, solid black lines represent mountain 
creases, and dashed lines represent valley creases. By accommodating thickness to the facets of the origami vertex and offsetting joints 
along the thickness of facets, a thick-panel origami vertex is constructed based on the theory found in the literature [27,28], as shown 
in Fig. 1c. Here, the four axes do not intersect at a point. According to D-H notation [37], coordinate systems are set up with twist 
angles α12, α23, α34, α41 and link lengths a12, a23, a34, a41 in Fig. 1d. To make the thick-panel vertex mobile, the geometric conditions 

Fig. 2. Miura-ori pattern and its thick-panel form. (a) The Miura-ori pattern with five vertices; (b) the deployment sequences of its corresponding 
thick-panel form. 
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of the vertex should satisfy those of the Bennett linkage, i.e., 

a12 = a34 = a, a23 = a41 = b (1)  

and 

sinα12

a
=

sinα23

b
, (2)  

where sector angles and twist angles satisfy 

α12 = α34 = α, α23 = α41 = β = π − α. (3) 

Meanwhile, the rotation angles θi(i= 1, 2,3, 4) of the joints satisfy 

θ1 + θ3 = θ2 + θ4 = 2π, (4)  

where θi is the rotation angle between axes xi and xi+1, positive along axis zi. 
Based on the analysis described in the literature [28] and as a result of Eqs. (1)–(4), there are 

t12 = t23 = t34 = t41 = a = b = t, (5)  

tan
θ1

2
tan

θ2

2
= tan

θ3

2
tan

θ4

2
=

1
cosα, (6)  

where t is half of the total thickness of the panels. Note that the rotation angles of zero-thickness origami also satisfy Eqs. (4) and (6) 
[27,28] 

To obtain higher folding efficiency, the crease pattern of the Miura-ori pattern composed of five identical four-crease vertices (A-E) 
with sector angles α and π − α is shown in Fig. 2a. The zero-thickness origami of each vertex is the same. Vertices B and D are obtained 
by rotating A (or C, E) 180◦ counterclockwise or clockwise. By accommodating the thickness and offsetting joints along the thickness 

Fig. 3. Schematic diagram of the parabolic cylinder construction process. (a) The mirror-symmetric assembly of two identical Miura-ori thick panel 
patterns; (b) the removal of material from the front of the assembly to form a parabolic cylinder; (c) the parabolic cylinder structure based on two 
Miura-ori thick panel patterns; (d) the schematic diagram of the parabola projected on the cross section. 
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direction according to thick-panel origami theory [27], the corresponding thick-panel form is constructed, as shown in Fig. 2b, which 
can be regarded as a mobile assembly of five Bennett linkages. 

The deployed configuration in Fig. 2b has a flat surface that can be used to fit a parabolic cylindrical deployable antenna. By 

Fig. 4. A detailed design of the connectors for the parabolic cylinder structure. (a) A deployable configuration; (b) the enlarged vertex K; (c) the 
enlarged vertex L; (d) the motion sequences of the structure. 
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assembling two identical Miura-ori thick-panel patterns in a mirror-symmetric way with the angle η between the flat surface of the 
thick-panel form and the plane of symmetry, as shown in Fig. 3a, an assembly of two flat surfaces with the dihedral angle 2η was 
constructed. By removing material from the flat surfaces of the thick-panel form (Fig. 3b), a parabolic cylinder surface was formed, as 
shown in Fig. 3c, and an enlarged view is shown in Fig. 3d. 

To adapt the constructed deployable structure to the different parameters of the parabolic cylinder, determining the relations 
between the dimension parameters of the thick-panel origami pattern and the parameters of the parabolic cylinder is necessary. The 
projection, a parabola, of the parabolic cylinder on the cross-section was drawn, as shown in Fig. 3d. A coordinate system was con-
structed in Fig. 3d with the equation of the parabola 

y =
x2

2p
, (7)  

where p is twice the focal length of the parabola. In Fig. 3d, t is equivalent to t34 in Fig. 1b, l is the width of a single thick-panel origami, 

and 2η is the angle between two original thick-panel origami in Fig. 3a. In general, the parabolic parameter p and the coordinates 
(

xA,

x2
A

2p

)
and 

(
xC,

x2
C

2p

)
of the points A and C at the edge of the parabola in Fig. 3d are defined based on the electrical performance re-

quirements of the antenna and the overall antenna size design. Then, the parameters of the thick panel were solved according to these 
defined parameters. In Fig. 3d, the distance between point A and point B is equal to the distance between point B and point C, which are 
both l, due to the symmetry of the assembly. The relation can be obtained according to the formula of the distance between two points 
as follows: 

(xB − xA)
2
+

(
x2

B

2p
−

x2
A

2p

)2

= (xC − xB)
2
+

(
x2

C

2p
−

x2
B

2p

)2

. (8) 

According to Eq. (8), the x coordinate of point B can be solved as 

xB =
− 2

̅̅̅
2

√
p2 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

8p4 + 4p2(xA + xC)
2
+ (xA + xC)

2
(x2

A + x2
C)

√

̅̅̅
2

√
(xA + xC)

. (9) 

Fig. 5. The mobile assembly and topological graph correspond to the thick-panel origami structure. (a) The mobile assembly; (b) the topologi-
cal graph. 
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Then, the width l and angle η can be calculated according to the corresponding geometric relations as 

l =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(xB − xA)
2
+

(
x2

B

2p
−

x2
A

2p

)2
√

, (10)  

η =
1
2

arccos

⎛

⎜
⎜
⎝

1 + 1
4p2 (xC + xB)(xB + xA)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + 1
4p2(xC + xB)

2
√ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + 1
4p2(xB + xA)

2
√

⎞

⎟
⎟
⎠. (11) 

As shown in Fig. 3c, the limit of the panel thickness t is that the lower surface of the panels is tangent to the parabola. Hence, the 
minimum allowable value tmin of the panel thickness t can be calculated as 

tmin =
(xA − xB)

2

4
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(xA + xB)
2
+ 4p2

√ . (12) 

Fig. 3 displays a brief description of how the parabolic cylinder structure is constructed. To make the structure mobile, the con-
nections between the two identical thick-panel forms should be designed. A schematic diagram of this parabolic cylinder structure with 
revolute joints is shown in Fig. 4a, where vertices are noted by A-O with joints marked by p1-p4 (p can be a-o corresponding to the 
notations of vertices), which correspond to the axis z1-z4 in Fig. 1c. For the thick-panel origami with vertices A, B, C, D, and E connected 
in series, the adjacent vertices share the same joints, such that joint a2/b2 is both joint a2 at vertex A and joint b2 at vertex B. As vertices 
A-E and vertices F-J of the structure are arranged symmetrically, five vertices K-O are designed as symmetric connectors between 
vertices A-E and vertices F-J. Vertex A and vertex F are connected through spherical 4R linkage K with shared joints k4 /a1 and k2 /f1, 
respectively, the enlarged view of which is shown in Fig. 4b. Vertex L shares joints with vertices K, B, M, and G, which are k1 /l3, b3 /l4, 
l1/m3, and l2/g3, respectively. The four joints, together with four panels at vertex L, form an equilateral Bennett linkage, the enlarged 
view of which is shown in Fig. 4c. Here, vertices M and N are the same as vertices K and L, respectively, due to the symmetry of the 
structure. Fig. 4d shows the motion sequences of the thick-panel origami parabolic cylinder structure. 

In Fig. 4a, vertices A-J, L, and N are Bennett linkages, and vertices K, M, and O are spherical linkages. Fig. 4b and c give the 
orientation of the joint axis at vertices K and L, the rotation angles drawn in the figures will be used in later analysis. It’s noted that the 
thick-panel origami structure can be regarded as an assembly of Bennett linkages and spherical linkages. To analyze the mobility of the 
thick-panel origami structure based on mechanism theory [28–30], the assembly of nine spatial linkages (corresponding to vertices 
A-C, F-H, and K-M) is derived from the thick-panel origami structure, as shown in Fig. 5a. 

To represent the connection relations among panels in the structure, a topological graph corresponding to Fig. 5a is constructed in 
Fig. 5b, where dots represent links and line segments represent joints. To ensure that the assembly is mobile, the nine linkages should 
be compatible with each other. The partial assembly of linkages A, B, L, and K is used as an example. Applying the model of Bennett 
linkage in Fig. 1d to the thick-panel form of vertices A and B, the geometric parameters of linkages A and B are 

αA = π − βA = α, (13)  

αB = π − βB = α, (14) 

The mirror angle η in Fig. 3 determines the geometric parameters of the connecting mechanisms at vertices K, L, M, and N, etc. For 
example, the sector angle of the spherical linkage at vertex K in Fig. 4b is equal to η. Applying the model of spherical 4R linkage and 
Bennett linkage to vertices K and L, respectively, we can obtain 

αK = π − βK = η, (15)  

αL = π − βL = η. (16) 

Since spherical 4R linkage and thick-panel origami both obey Eqs. (4) and (6), we substitute Eqs. (13)–(16) into them, respectively, 
and finally got 

tan
θA

1

2
tan

θA
2

2
=

1
cosα, (17)  

tan
θB

2

2
tan

θB
3

2
= −

1
cosα, (18)  

tan
θK

1

2
tan

θK
4

2
= −

1
cosη, (19)  

tan
θL

3

2
tan

θL
4

2
=

1
cosη. (20) 

Y. Zhang et al.                                                                                                                                                                                                          



Mechanism and Machine Theory 182 (2023) 105233

8

As shown in Fig. 5a and b, adjacent linkages in the closed loop A-B-L-K-A formed by vertices A, B, K, and L share links through joints 
k4/a1, k1/l3, a2/b2, and b3/l4, where joints k4 and a1, joints k1 and l3, joints a2 and b2, joints b3 and l4 are the same joints, respectively. 
The compatible conditions among rotation angles are 

θA
2 = θB

2 , θ
B
3 = 3π − θL

4 , (21)  

θA
1 = θK

4 − π, θK
1 = 2π − θL

3 . (22) 

Assuming the assembly is only driven by joint a3 with θA
3 , then substituting Eqs. (21) and (22) into Eqs. (17)–(19), leads to 

Fig. 6. Joints on the (a) front and (b) back of the deployable structure.  

Fig. 7. Joint-removing technique for joint a1 of vertex A. (a) Thick-panel vertex A before joint removal; (b) vertex A after joint removal; (c) an 
enlarged view of vertex A following joint removal; (d) the linkage corresponding to (b). 
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tan
θL

3

2
tan

θL
4

2
=

1
cosη. (23) 

Here, Eq. (23) is the same as Eq. (20), which means that the assembly of four linkages A, B, L, and K is compatible with one DOF. 
Similarly, the assemblies of linkages F, G, L, and K; of linkages B, C, M, and L; and of linkages G, H, M, and L are one-DOF. Subsequently, 
the assembly of linkages A, B, C, F, G, H, K, L, and M is one-DOF. Based on kinematic equivalence, the thick-panel form in Fig. 4d is also 
one-DOF. 

3. Joint-removing techniques for the working surface of a parabolic cylinder structure 

When removing the material to obtain the parabolic cylinder, some joints remain on the front side of the parabolic cylinder 
structure with stairs to satisfy the geometric conditions of mobility, as shown in Fig. 6a. 

For an antenna, a continuous and smooth working surface is necessary for communication, so the joints on the front side of the 
parabolic cylinder should be removed. In Fig. 6a, these joints can be divided into two groups. One group is located on the edge, such as 
a3, c3, f3, and h3, and the other group is located on the middle part, such as b3/l4, n4, l2/g3, and n2. 

Two techniques are proposed to remove the two groups of joints and maintain kinematic equivalence after joint removal. For the 
joints at the edges of the parabolic cylinder, e.g., a3, c3, f3, and h3, vertices A-E and F-J are considered Bennett linkages. Here, vertex A 
(Fig. 7a) is chosen to show the joint-removing technique for the joints at the edge. In Fig. 7a, the original vertex A corresponds to a 
Bennett linkage, which contains joints a1, a2, a3, and a4 and panels PA

1 , PA
2 , PA

3 , and PA
4 . When the joint a3 is removed (The removing is 

expressed by pale color and dotted edges, as shown in Fig. 7b,c), two panels PA
5 and PA

6 are added, as shown in Fig. 7b and its enlarged 
view in Fig. 7c. Here, PA

5 is connected to PA
3 by joint a5, and PA

6 is connected to PA
2 by joint a6, PA

5 is connected to PA
6 by joint a′

3. By 
setting the added joints a5 and a6 parallel to a3, the 4R linkage containing joints a5, a6, a′

3 and the removed joint a3 is equal to a planar 
4R linkage, as shown in Fig. 7d (Fig. 7d is an assembly of linkages kinematically equivalent to the thick-panel origami in Fig. 7c). 
Similar to Fig. 7b,c, pale color and dotted edges are taken to depict the removed part in Fig. 7d, where joint a3 is removed from the 
original Bennett linkage composed of joints a1, a2, a3, and a4. The rest part in Fig. 7d after removing the joint a3, which contains joints 
a1, a2, a6, a′

3, a5, and a4, constitutes a plane-symmetric Bricard linkage. A kinematic model of the linkage is established in Fig. 7d, 
where axes zBe

1 , zBe
2 , zBe

3 , and zBe
4 correspond to joints a1, a2, a3, and a4 respectively, forming the original Bennett linkage, and axes zBr

4 , 
zBr

5 , zBr
6 , zBr

1 , zBr
2 , and zBr

3 correspond to joints a1, a2, a6, a′

3, a5, and a4, respectively, constituting the plane-symmetric Bricard linkage 
after joint-removing and adding panels. 

In Fig. 7b–d, the joint a3 is removed during the joint-removing process (i.e., the axis zBe
3 in Fig. 7d is removed), so the kinematic 

equivalence before and after removal is an important guarantee for the rationality of this joint-removing technique. Based on the 
coordinate systems established in Fig. 7d, the kinematic model of the Bennett linkage and the Bricard linkage are established by D-H 
notation. The geometric parameters of this plane-symmetric Bricard linkage are as follows: 

aBr
12 = aBr

61 = aBr, aBr
23 = aBr

56 = bBr, aBr
34 = aBr

45 = cBr, (24)  

αBr
12 = 2π − αBr

61 = αBr,αBr
23 = 2π − αBr

56 = βBr,αBr
34 = 2π − αBr

45 = γBr, (25)  

RBr
1 = RBr

4 = 0,RBr
6 = − RBr

2 ,RBr
5 = − RBr

3 , (26) 

In the literature [38], closure equations of a plane-symmetric Bricard linkage were established, and the explicit equation of the 
relation between rotation angles was derived as 

ABrtan2θBr
3

2
+ BBrtan

θBr
3

2
+ CBr = 0, (27)  

where the detailed expression of the coefficients can be found in Appendix A. 
According to the characteristics of the composite linkage in Fig. 7d, the respective geometric conditions of the Bennett linkage and 

the Bricard linkage and the relations between them can be obtained as follows: 
Firstly, as the four offset distances of the Bennett linkage are zero, we obtain 

RBr
2 = RBr

3 = RBr
5 = RBr

6 = 0. (28) 

Secondly, as the linkage formed by axes zBe
3 , zBr

2 , zBr
1 , and zBr

6 is a planar 4R linkage, 

αBr = 0. (29) 

Thirdly, the twist angles between the Bennett linkage and the Bricard linkage satisfy 

αBr
23 = αBe

34 ,αBr
34 = αBe

41 . (30) 

Lastly, according to the geometry of the right triangle formed by bold dash-dotted lines in Fig. 7d, there is 
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aBr
12sinϕ

aBr
12cosϕ + aBe

34 − aBr
23
= tanφ, (31)  

where the angles φ and ϕ are related to rotation angles θBe
3 and θBr

2 , respectively, i.e., 

φ =
θBe

3 − π
2

,ϕ = θBr
2 − π. (32) 

Depending on the above conditions, the kinematic relation between θBr
2 and θBr

3 is (the derivation can be found in Appendix A) 

tan
θBr

3

2
=

− 2aBrtan θBr
2
2

cosγBr
((

aBr − bBr + cBr
)
tan2θBr

2
2 −

(
aBr + bBr − cBr

)), (33) 

On the other hand, substituting Eq. (32) into Eq. (31), there is 

tan
θBe

3

2
=

(
aBr − bBr + cBr

)
tan2θBr

2
2 −

(
aBr + bBr − cBr

)

− 2aBrtan θBr
2
2

. (34) 

From Fig. 7d, we have θBr
3 = θBe

4 . Substituting this relation into Eq. (33) and multiplying Eq. (33) by Eq. (34), results in 

tan
(

θBe
3

2

)

tan
(

θBe
4

2

)

=
1

cosγBr. (35) 

It should be noted that Eq. (35) is derived from the kinematics of the Bricard linkage and the coupling relations between the Bennett 
linkage and the Bricard linkage. More importantly, Eq. (35) is the same as the kinematic equation of the Bennett linkage described by 
Eq. (6) with αBe + γBr = π (Eq. (A5)), which means that the Bricard linkage is kinematically equivalent to the Bennett linkage. Hence, 
the thick panel forms of vertex A before and after removing the joint a3 are kinematically equivalent, and this conclusion also applies to 

Fig. 8. The thick-panel origami structure and corresponding topological graph after joint removal. (a) The thick-panel structure; (b) the topo-
logical graph. 
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other vertices using this joint-removing technique. 
On the other hand, removing joints b3/l4, n4, l2/g3, and n2 in the middle of the front side in Fig. 6a is also necessary. After removing 

these joints directly, a deployable configuration of the deployable structure was constructed, as shown in Fig. 8a, which leads to a 
change in the topology of the deployable structure (compare Figs. 5b and 8b). 

Because thick-panel origami and its corresponding mobile assembly exhibit the same kinematic behavior, we created a mathe-
matical model based on the mobile assembly to investigate the number of DOFs of the deployable structure after joint removal. Joints 
k1, a2/b2, b1, c4/b4, m3, g2/h2, g1, and f4/g4, along with the panels between them, formed an 8R linkage, the mobile assembly of which 
is highlighted in Fig. 9. The D-H model of this 8R linkage is partially shown in Fig. 9 with the conditions that 

aR
8(8∗) = aR

(1∗)2 = aR
23 = aR

78 = a, aR
(8∗)1 = aR

1(1∗) = 0, (36)  

αR
8(8∗) = 2π − αR

(1∗)2 = π − αR
23 = π − α,αR

(8∗)1 = 2π − αR
1(1∗) = 2π − η, (37)  

RR
8 = − RR

2 ,RR
8∗ = − RR

1∗,R
R
1 = 0. (38) 

Supposing the one-DOF linkage chain A-K-F in Fig. 8a is only driven by joint a2/b2, then three inputs of the 8R linkage shown in 
Fig. 9, including θR

2 , θR
1 , and θR

8 , are determined as follows: 

θR
2 = θA

2 , θ
R
1 = θK

1 , θ
R
8 = 2π − θF

4 , (39) 

According to Eqs. (17)–(22) and (39), and due to the symmetry of linkage chain A-K-F, we obtain 

θR
2 = θR

8 = 2atan
(

cosη
cosα tan

θR
1

2

)

. (40) 

Fig. 9. The D-H model of the 8R linkage.  
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Furthermore, 

θ̇
R
2 = θ̇

R
8 =

cosη
cosα

cos2θR
2
2

cos2θR
1
2

θ̇
R
1 . (41) 

The theory that the velocity screw at the end of an open-chain manipulator is a linear combination of the velocity screws at each 
joint [39,40] can be used for the analysis of this 8R linkage. As shown in Fig. 10, using the 8th coordinate system as the base, the 
velocity screw V23 of link 23 is the linear combination of S8, S1, and S2, with coefficients θ̇R

8 , θ̇R
1 , and θ̇R

2 , respectively; that is, 

V23 = θ̇
R
8 S8 + θ̇

R
1 S1 + θ̇

R
2 S2. (42) 

Fig. 10 shows that the position vector r8 of the axis s8 is equal to the position vector r2 of the axis s2. Thus, substituting Eq. (41) into 
Eq. (42), we can obtain 

V23 = ‖ s8 + s2 ‖θ̇
R
8

(
sv

1; r8 × sv
1

)
+ θ̇

R
1 S1, (43) 

Fig. 10. The screw system schematic diagram of the 8R linkage.  
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where sv
1 =

(s8+s2)
‖s8+s2‖

, and the symbol ‖ ‖ represents the norm of the vector in it. 
According to the symmetry of linkage chain A-K-F, axes sv

1 and s1 are all in the plane of symmetry. Labelling the intersection of axes 
sv
1 and s1 as Q and the vector from the origin of the 8th coordinate system to point Q as rv

1, then we have r8 × sv
1 = rv

1 × sv
1 based on the 

properties of the cross product. Hence, the screw (sv
1; r8 × sv

1)(= Sv
1) in Eq. (43) can also be expressed as 

(
sv

1; r8 × sv
1

)
=

(
sv

1; r
v
1 × sv

1

)
. (44) 

It is shown in Fig. 10 that the position vector r1 of the axis s1 is equal to the position vector rv
1 of sv

1, i.e., 

r1 = rv
1. (45) 

Substituting Eqs. (44) and (45) into Eq. (43), we obtain 

V23 = ‖‖s8 + s2 ‖ θ̇
R
8 sv

1 + θ̇
R
1 s1 ‖

(
sv

2; r1 × sv
2

)
, (46)  

where sv
2 =

‖s8+s2‖θ̇R
8 sv

1+θ̇R
1 s1

‖‖s8+s2‖θ̇R
8 sv

1+θ̇R
1 s1‖

. 

Lastly, substituting sv
1 =

(s8+s2)
‖s8+s2‖

into Eq. (46), we obtain 

V23 =‖ θ̇
R
8 s8 + θ̇

R
2 s2 + θ̇

R
1 s1 ‖

(
sv

2; r1 × sv
2

)
, (47)  

where sv
2 =

θ̇R
8 s8+θ̇R

2 s2+θ̇R
1 s1

‖θ̇R
8 s8+θ̇R

2 s2+θ̇R
1 s1‖

. 

The general form of a velocity screw is V = ω(s; r× s+ hs), which can be classified into the prismatic, revolute, screw, and other 
types of kinematic pairs according to its characteristics [41]. When the pitch h is zero, a velocity screw represents a revolute joint [41, 

Fig. 11. The deployable structure after joint removal. (a) Front view; (b) back view; (c) the motion sequences.  
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42]. Velocity screw V23 describes the motion of link 23 relative to the 8th coordinate system, which can be seen as a virtual joint [42, 
43]. As shown in Eq. (47), the pitch of V23 is zero, which means that the instantaneous motion between the 8th coordinate system and 
link 23 is identical to a revolute joint [43]. The axis and the position vector of this virtual revolute joint Sv

2 are sv
2 and r1, respectively. As 

shown in Fig. 10, revolute joints S3, S4, S5, S6, and S7, and virtual revolute joint Sv
2 constitute a 6R linkage. Because the geometric 

parameters of the links within this 6R linkage are symmetric about a plane, this 6R linkage can be seen as a virtual plane-symmetric 
Bricard linkage. 

The offsets, lengths, and directions of links S7 − Sv
2 and Sv

2 − S3 are not constant, but they can be calculated by the geometric 
relations between screws S3, Sv

2, and S7. The rotation angle θv
2 of joint Sv

2 in this virtual plane-symmetric Bricard linkage can be 
determined by the directions of links S7 − Sv

2 and Sv
2 − S3. When the offsets, lengths of links S7 − Sv

2 and Sv
2 − S3, along with the rotation 

angle θv
2 of joint Sv

2 are determined by the one-DOF linkage chain A-K-F, since a general plane-symmetric Bricard linkage is one-DOF 
[38], the configuration of this virtual plane-symmetric Bricard linkage is determined, which means that the 8R linkage, composed of 
this virtual plane-symmetric Bricard linkage and the lower part of linkage chain A-K-F, is one-DOF. 

After removing the joints using the above techniques, where the edge joints are removed by adding new panels to the back of the 
structure, forming a kinematically equivalent Bricard linkage, and the middle joints are removed without any other operation, as 
shown in Figs. 7 and 8, a new deployable structure with a continuous and smooth surface was constructed, as shown in Fig. 11. 

4. Analysis of the deployed/folded ratio 

As shown in Fig. 11, the deployable structure contains four rows and four columns of panels and can be extended along the di-
rection of the columns by the method shown in Fig. 2. We consider a structure with n rows and 4 columns of panels, the width, 

Fig. 12. Envelope dimensions of a deployable structure before and after deployment. (a) The completely deployed configuration; (b) the folded 
configuration; (c) a thick-panel unit. 
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thickness, and height of which are WD, TD, and HD, respectively, under the completely deployed configuration, as shown in Fig. 12a. In 
the folded configuration, the three outer envelope dimensions of the structure become WF, TF, and HF, as shown in Fig. 12b. The 
deployable structure is composed of thick-panel origami units whose dimensions are shown in Fig. 12c. Here, t and d are the thickness 
and width of the panel, respectively, α is the sector angle, l0 is the length of the lower side panels, and φ1 and φ2 are the dihedral angles 
between adjacent panels. 

From the geometry in Figs. 3 and 12, we can derive 

WD = 2ltanη, (48)  

TD = nd, (49)  

HD =
2t

sinη + lcosη, (50)  

and 

WF = 2
TD

n
+

(

l −
TD

n
cotα

)

sin2α, (51)  

TF = 2nt, (52)  

HF =
TD

n
cosα −

(

l+
TD

n
cotα

)
cos2α

2
. (53) 

Using the envelope volume as the measure of the deployed/folded ratio, the ratio can be derived from 

k =
WD ⋅ TD ⋅ HD

WF ⋅ TF ⋅ HF
. (54) 

When the parameters and dimensions of the parabolic cylinder are given, the variables WD, TD, and HD are determined. According 
to Section 2, l, η, and the minimum of t can be calculated. Based on the above analysis, t, n, and α are the design variables. Then, the 
effect of these three variables on the deployed/folded ratio is examined. Assume that the equation of the parabola is y = x2

24,x ∈ [5.8m,

15.8m], and TD = 12m. Parameters l = 6.7703m, η = 83.5205∘ and tmin = 0.2577m are obtained from Eqs. (10)–(12). Substituting these 
results into Eqs. (48)–(54) and setting n = 4 or n = 8, the surfaces of the deployed/folded ratio k with respect to the variables t and α 
are obtained, as shown in Fig. 13. The figure shows that when t and α are determined, the deployed/folded ratios are not much different 
between n = 4 and n = 8. Moreover, the increase in n will increase the number of panels and joints, and the mechanism will become 
complicated, so selecting a large n is not appropriate. 

When n is determined, the deployed/folded ratio increases with decreasing t and increasing α. Hence, a small t and a large α are 
necessarily selected to increase the ratio. Since t has a minimum limit, the final way to improve the deployed/folded ratio is to increase 
α. Note that α is an important parameter affecting the motion of the deployable structure. As shown in Fig. 12c, an important factor to 
measure the motion performance of this mechanism is the ratio of Δφ1 on Δφ2 during the deploying or folding process, which describes 
the error transfer relation between the joint rotation angles and the speed transfer relation. Obviously, the ratio of the error transfer 

Fig. 13. Surfaces of deployed/folded ratio k with respect to t and α. (a) n = 4; (b) n = 8.  
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coefficient and speed cannot be very large. 
The relations between rotation variables θi(i= 2, 3) and dihedral angles φi(i = 1,2)can be obtained from the geometric conditions 

in Fig. 12c, 

θ2 = φ2, θ3 = φ1. (55) 

According to Eqs. (4) and (6), the relation between φ1 and φ2 is 

tan φ2
2

tan φ1
2
= cosα. (56) 

The derivative of Eq. (56) is 

dφ2

dφ1
=

cosα
1 +

(
cosα ⋅ tan φ1

2

)2 ⋅
1

cos2φ1
2
. (57) 

Fig. 14a and b are the curves of φ2 and dφ2/dφ1 with respect to φ1, respectively. Comparing the curves under different α values in 
Fig. 14b shows that the steepness and the maximum value of the curve dφ2/dφ1 will increase when α increases, which needs to be 
avoided. Therefore, it is more appropriate to select a smaller α. Here, we choose α = 83.5∘, n = 8, and t = 0.36m to construct a 
prototype of this deployable structure with acrylonitrile-butadiene-styrene from a 3D printer, as shown in Fig. 15. Based on Eq. (54), 
the deployed/folded ratio of the prototype is approximately 17, which has a significant advantage compared with the previous 
products [7,15]. 

As shown in Fig. 15a, the prototype obtained a continuous and smooth surface by removing some joints on the surface. It should be 
noted that in our prototype, only the second joint-removing technique described in this paper was used, namely, the joints located on 
the middle of the surface were removed. For the joints located on the edge, they were not removed with the joint-removing technique 
shown in Fig. 7. Instead, the edge joints were moved to protrude from the edge of the surface, as shown in Fig. 15a, still forming 
Bennett linkages with other joints instead of the Bricard linkages. This mechanism has fewer joints, which is more conducive to 
engineering. 

The folding sequences of the prototype in Fig. 15 show that the designed parabolic cylindrical antenna can be folded compactly 
with a large deployed/folded ratio. However, due to manufacturing errors and other factors, there are still some problems in the 
deployment process. In the future, machining will be considered to improve manufacturing accuracy, and reasonable driving layout 
strategies will be studied to achieve better deployment ability. 

5. Conclusions and discussions 

In this paper, we propose a novel deployable parabolic cylindrical antenna based on Miura-ori thick-panel origami. Two identical 
Miura-ori thick-panel origami structures were assembled in a mirror-symmetric way to form a parabolic cylindrical surface by 
removing partial materials. The analytic relations of geometric parameters between the thick-panel origami and the parabolic 

Fig. 14. Motion curves. (a) φ1 ∼ φ2; (b) φ1 ∼
dφ2
dφ1

.  
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cylindrical surface were also constructed for designing antennas with different design dimensions. To ensure that the deployable 
structure is movable with one DOF, specific connectors based on spherical 4R linkages and Bennett linkages were designed. To 
construct a continuous and smooth parabolic cylindrical surface and maintain the one-DOF property, two joint-removing techniques 
based on the kinematic equivalence between Bennett-linkage thick-panel origami and Bricard-linkage thick-panel origami were 
constructed. The one-DOF property after joint removal was proven by introducing a virtual revolute joint. After the analysis of the 
deployed/folded ratio influenced by geometric parameters, a small thickness t of panels and a large sector angle α of the origami 
pattern are necessary to obtain a high deployed/folded ratio. 

The design technique of the deployable parabolic cylindrical antenna based on Miura-ori thick-panel origami offers a new approach 
to constructing foldable schemes for complex surfaces, such as the paraboloid of revolution, which can be further studied. The joint- 
removing techniques proposed in this paper can be extended to other thick-panel structures to obtain continuous and smooth surfaces. 
For engineering, there are still many issues that should be considered, such as planar accuracy, frequency, unfolding control, etc. These 
studies will be carried out in the future. 
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Fig. 15. (a)–(f) Folding sequences of a deployable parabolic cylinder prototype.  

Y. Zhang et al.                                                                                                                                                                                                          



Mechanism and Machine Theory 182 (2023) 105233

18

Acknowledgments 

Y.C. gratefully acknowledges financial support from the Chinese Natural Science Foundation (Project No. 51825503) and the 
Tencent Foundation (Grant XPLORER-2020-1035). X. Z. acknowledges financial support from the Chinese Natural Science Foundation 
(Project No. 52105032). M. L. thanks the Youth Outstanding Talent Support Program of China Aerospace Science and Technology 
Group Co. Ltd. (No. YF-ZZYF-2021-207). 

Appendix A 

According to [37], the detailed expression of the coefficients in Eq. (27) are 

ABr =
(
aBr − bBr + cBr)sin

(
αBr − βBr + γBr)tan2θBr

2

2

− 2sinαBr( RBr
5 sin

(
γBr)+ RBr

6 sin
(
γBr − βBr))tan

θBr
2

2
+
(
aBr + bBr − cBr)sin

(
αBr + βBr − γBr),

(A1)  

BBr = − 2sinγBr( RBr
6 sinαBr + RBr

5 sin
(
αBr − βBr))tan2θBr

2

2

+2
( (

aBr − cBr)sin
(
αBr − γBr) −

(
aBr + cBr)sin

(
αBr + γBr))tan

θBr
2

2
+2sinγBr( RBr

6 sinαBr + RBr
5 sin

(
αBr + βBr)),

(A2)  

CBr =
(
aBr − bBr − cBr)sin

(
αBr − βBr − γBr)tan2θBr

2

2

− 2sinαBr( RBr
5 sinγBr + RBr

6 sin
(
γBr + βBr))tan

θBr
2

2
+
(
aBr + bBr + cBr)sin

(
αBr + βBr + γBr).

(A3) 

Combining Eq. (3) with the equation αBr
23 + αBr

34 = αBe
34 + αBe

41 which can be deduced from Eq. (30), gives αBr
23 + αBr

34 = π, i.e., 

βBr + γBr = π, (A4)  

along with αBr
23 = αBe

34 (Eq. (30)), i.e., βBr = αBe, we obtain 

αBe + γBr = π. (A5) 

Substituting Eqs. (28) and (29), and (A4) into Eqs. (A1)–(A3), we obtain 

ABr = sin
(
2γBr)

(

−
(
aBr − bBr + cBr)tan2θBr

2

2
+
(
aBr + bBr − cBr)

)

, (A6)  

BBr = − 4aBrsinγBrtan
θBr

2

2
, (A7)  

CBr = 0. (A8) 

Then substituting Eqs. (A6)–(A8) into Eq. (27) results in the relation between θBr
2 and θBr

3 as 
(

sin
(
2γBr)

(

aBr + bBr − cBr −
(
aBr − bBr + cBr)tan2θBr

2

2

)

tan
θBr

3

2
− 4aBrsinγBrtan

θBr
2

2

)

tan
θBr

3

2
= 0. (A9) 

Assuming tan θBr
3
2 is an independent variable, then Eq. (A9) has two solutions, which are 

tan
θBr

3

2
= 0 (A10)  

and 

tan
θBr

3

2
=

− 2aBrtan θBr
2
2

cosγBr
((

aBr − bBr + cBr
)
tan2θBr

2
2 −

(
aBr + bBr − cBr

)), (A11)  

where tan θBr
3
2 = 0 is excluded. 
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